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^ ■ We study the moduli dependence of the chiral ring in A/" = (4, 4) superconformal field theories, 
Q ' with special emphasis on those CFT's that are dual to type IIB string theory on AdSs x S XX4. 
^ I The chiral primary operators are sections of vector bundles, whose connection describes the 
operator mixing under motion on the moduli space. This connection can be exactly computed 
^ ■ using the constraints from Al = (4, 4) supersymmetry. Its curvature can be determined using 
• the tt* equations, for which we give a derivation in the physical theory which does not rely on 
the topological twisting. We show that for A/" = (4, 4) theories the chiral ring is covariantly 
constant over the moduli space, a fact which can be seen as a non-renormalization theorem 
for the three-point functions of chiral primaries in AdS3/CFT2. From the spacetime point of 
view our analysis has the following applications. First, in the case of a D1/D5 black string, 
we can see the matching of the attractor flow in supergravity to RG-flow in the boundary fleld 
theory perturbed by irrelevant operators, to flrst order away from the flxed point. Second, 
under spectral flow the chiral primaries become the Ramond ground states of the CFT. These 
ground states represent the microstates of a small black hole in flve dimensions consisting of 
a D1/D5 bound state. The connection that we compute can be considered as an example of 
Berry's phase for the internal microstates of a supersymmetric black hole. 



1 



Contents 

1 Introduction 

2 AdSs/CFTs and its chiral ring |8 

2.1 Generalities 

2.2 Chiral primaries and the chiral ring 

2.3 Moduli dependence 

2.4 The bundle of chiral primaries and the chiral ring 

3 Families of conformal field theories and the connection for operators 

3.1 Deformations of conformal field theories 

3.2 The connection for operators 

4 The Chiral Ring of Af = (2, 2) theories 

4.1 Curvature of the algebra 

4.2 On the curvature of the chiral primaries 

4.3 Direct computation of the curvature of chiral primaries 

4.4 Some comments 

5 The M = (4, 4) superconformal algebra 

5.1 A/" = (2, 2) subalgebras 

5.2 Short representations 

5.3 Special short representations 

5.4 The moduh space of A/" = (4, 4) SCFTs 

6 The chiral ring of AT = (4, 4) theories 

6.1 Curvature of the A/" = (4,4) algebra, the bosonic currents 

6.2 The supercurrents 

6.3 The 3-point functions are covariantly constant 

6.4 Non-renormalization of extremal correlators 

6.5 The curvature of chiral primaries 

6.6 Real structure of the chiral ring 

6.7 Final expression for the curvature 

6.8 Geometry of the bundles 

6.9 Example: JIB on K3 

6.10 Chiral primaries in 4d gauge theory 



2 



7 Attractor mechanism and RG-flow 

7.1 The attractor mechanism 

7.2 Relation to RG-fiow 

7.3 The D1/D5 system 

7.4 Finite flows 

7.5 A decouphng hmit and 6d gauge theory 

8 Black Hole Berry phase 

9 Summary and further directions 

A The superconformal algebra 

A.l The M = 2 superconformal algebra 

A. 2 The A/" = 4 superconformal algebra 

B Some useful OPEs for M = (2, 2) 

C Curvature of supercurrents in TV^ = (2, 2) 

D 4-point functions in J\f = (2, 2) 

E OPE between chiral primary and antichiral primary 

F Contours 

G Current /Marginal Operator OPE 



1 Introduction 

The AdS3/CFT2 correspondence [1] is one of the best understood holographic dualities and 
has been very useful for the analysis of black holes in string theory. While it has been studied 
in great detail by now, most of the computations have been performed in special weakly- 
coupled limits. The AdS3/CFT2 is characterized by a parameter space A4 which corresponds 
to the expectation values of the scalar flelds in the bulk, or equivalently to the position on the 
moduli space of the boundary CFT. There are special points on Ai where the boundary CFT 
is weakly coupled and others where the holographic dual string theory is in the perturbative 
regime. At a generic point on A4, none of the two descriptions is weakly coupled and it is 
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difficult to make any explicit computations. Is there anything we can say about the theory 
in the interior of its moduli space? 

In this paper, whenever we speak of the AdS3/CFT2 correspondence, we will have the du- 
ality between type IIB on AdS3xS^xX4 and suitable M = (4, 4) superconformal field theories 
in mind. These CFT's are believed to be related to a sigma model whose target space is a 
deformation of the symmetric product /S^, where X = or K3. This is a hyperkahler 
space and such sigma models are indeed compatible with Af = (4, 4) sypersymmetry. It is a 
natural assumption that at all points on the theory has a boundary description in terms 
of an A/" = (4, 4) superconformal field theory, which may be strongly coupled. Such theories 
have a sector protected by supersymmetry, the chiral ring[2J, which can be studied exactly 
even away from the weak-coupling limits. In this paper we analyze the moduli dependence of 
the chiral ring of A/" = (4, 4) superconformal field theories, mainly motivated by its relevance 
for the boundary CFT that appears in the AdS3/CFT2 correspondence. Our analysis is exact 
everywhere on the moduli space, since we only assume that the A/" = (4, 4) superconformal 
structure of the theory is preserved and that generically the number of chiral primaries does 
not jump as we move on A4. This allows us to make some exact statements about the theory 
in the regime of strong coupling and for finite A^. 

The chiral ring of a superconformal field theory depends on the moduli in two ways. 
First, the chiral primaries mix among themselves as we change the parameters of the theory. 
Technically this means that the chiral primary operators are sections of vector bundles over 
the moduli space, which can have nontrivial curvature. Second, the multiplication between 
the chiral primaries, expressed in terms of the structure constants Cjj^, may also be moduli 
dependent. Supersymmetry imposes strong constraints on the structure of the chiral ring 
and the way it behaves under a change of the coupling constants. The case of Af = (2, 2) 
superconformal theories has been extensively studied and the supersymmetry constraints are 
expressed in terms of the tt* equations 

%=[V.,Vj]^-[a,C7] (1.1) 

which give the curvature of the bundles of chiral primaries in terms of the chiral ring coef- 
ficients. These equations were originally derived by Cecotti and Vafa using a method called 
topological anti-topological fusion [3],[1] which is based on the topological twisting of the su- 
perconformal theory. However as we show they can also be derived using ordinary conformal 
perturbation theory in the untwisted theory l]. 

The tt* equations are also relevant for theories with A^ = (4, 4) supersymmetry, such 



"'^The original derivation is more general since it also works for non-conformal Af = (2, 2) theories. 
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as the boundary theory in the class of AdS3/CFT2 correspondences we consider here, once 
we appropriately project to their J\f = (2, 2) subalgebras. In TV = (4, 4) theories a simple 
observation leads to the following additional constraint 

VCJ. = (1.2) 

where V represents the covariant derivative along any marginal deformation. This is true 
for the following reason: in an A/" = (2, 2) theory it is known that the chiral ring coeffi- 
cients depend on the moduli holomorphically, so they are independent of anti-holomorphic 
deformations 

VmCJ = (1.3) 

while in general VmCij 7^ 0. An Af = (4,4) theory has many inequivalent A/" = (2,2) 
subalgebras. It can be shown that in an A/" = (4, 4) theory any marginal deformation can be 
written as an anti-holomorphic deformation with respect to some A/" = (2, 2) subalgebra, and 
then ([L2D follows from (OD . 

The result (11.21) can be interpreted as a non-renormalization theorem for the 3-point 
functions of chiral primaries in AdSa/ CFT2, which explains the agreement of computations 
performed at different points on the moduli space [5], [6] and also [7], [8]. This is the ana- 
logue of the non-renormalization theorem [9], [10] for 3-point functions of chiral primaries in 
AdS5/CFT4 which explained the agreement of the weakly and strongly coupled computations 
|llj . Our arguments do not depend on taking a large limit, so the 3-point functions of 
chiral primaries have to be (covariantly) constant even at finite A^. It is easy to show that 
more generally extremal correlators of chiral primaries are also not renormalized as we change 
the moduh. 

Combining the non-renormalization of the chiral ring coefficients with the tt* equations 
we can derive a stronger statement. By acting with V on both sides of (11.11) and using (11.21) 
we conclude that the curvature of the bundle of chiral primaries is covariantly constant 

V% = (1.4) 

We also know [12],[T3j that for A/" = (4,4) theories the moduli space is locally a symmetric 
space of the form 

S0{4) X SO{n) ^ ' 

for some n. Bundles with covariantly constant curvature over symmetric spaces are called 
homogeneous bundles and their geometry is completely determined in terms of some basic 
group-theoretic data. In some N = (4,4) theories, such those that arise in the AdS3/CFT2 



5 



correspondence, if we know the number of chiral primaries of a given conformal dimension, it 
is rather straightforward to fit them into homogeneous bundles. Then the exact connection 
and curvature on these bundles is determined without any further input from the dynamics 
of the CFT. In this sense we can compute the exact mixing of chiral primary operators as we 
move on the moduli space, even at strong coupling. 

An application of our analysis from the spacetime point of view is that it realizes a con- 
nection between the attractor flow in supergravity and RG-fiow in the boundary field theory, 
in a certain toy-model, as we now explain. Extremal black holes in supergravity exhibit a 
remarkable phenomenon, called the attractor mechanism [H]. The values of many of the 
scalar fields near the horizon of the black hole are fixed by its electric and magnetic charges 
and completely independent of their values at spatial infinity. The same black holes can be 
described by appropriate bound states of D-branes. The worldvolume theory of these branes 
is an open string theory, which flows to a conformal field theory at low energies. This raises 
a natural question, namely what is the meaning of the attractor flow in the D-brane picture 
of the black hole? 

As is well known, the AdS throat of the supergravity solution is holographically dual to 
the conformal IR fixed point of the effective field theory describing the excitations on the D- 
branes that create the black hole. The AdS/CFT correspondence is derived by taking the low 
energy limit which on the supergravity side is equivalent to keeping only the near horizon AdS 
geometry. In that region of the supergravity solution the moduli have already reached their 
attractor values. As a result the attractor mechanism is not visible in the usual AdS/CFT 
correspondence. 

Clearly, to see the attractor flow we have to move outside the AdS throat towards the 
asymptotically fiat region. This requires an extension of AdS / CFT beyond the strict a' — 
limit, where it turns into a duality between closed string theory and open string theory. In 
the open string language the system is described by a stack of D-branes in fiat space, and 
on the other hand, in the large limit, we can consider the closed string description where 
we replace the D-branes by a curved closed string background. On the boundary side going 
outside the AdS throat is described by deforming the CFT by irrelevant operators. From this 
perspective we expect to see the attractor flow as RG-fiow on the worldvolume theory of the 
branes towards the IR fixed point. 

It is not easy to make this relation precise, since going outside the AdS throat means that 
there is no honest decoupling between open and closed string modes. In particular, since the 
open strings living on the branes are not decoupled from the bulk closed string modes it is 
not clear what we mean by the "boundary theory". However as we approach the IR fixed 
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Figure 1: Attractor flow in supergravity (left) and RG-flow on the worldvolume of the branes 
(right). 



point, this couphng should become less and less important. In this sense we expect that at 
least near the flxed point it should be possible to describe the theory on the branes in terms 
of an effective fleld theory flowing to a CFT in the IR. In view of these conceptual difficulties 
we will only consider the first order perturbation away from the conformal point towards the 
UV, which should correspond to the final stages of the attractor fiow. More precisely, as 
shown in figured! let us call M.sugra the moduli space of supergravity and M^ugra ^ -^sugra 
the attractor submanifold for given charge^. On the boundary side we have a family of 
effective quantum fleld theories characterized by a moduli space M.qft which flow in the 
IR to a family of conformal fleld theories with moduli space M.cft C M.qft- According 
to the AdS/CFT correspondence the moduli spaces M.*sugra -M-cft should be identicajj. 
Moreover, matching the flnal stages of the attractor flow to RG-flow means that the normal 
bundle of A^^wgra inside A4sugra should have the same structure as that of J^cft inside 
-^qftlI- In particular, this means that the dimensionality of the bundles should agree, in 
other words - we should have the same number of irrelevant operators as the number of scalar 
moduli flxed by the attractor mechanism, and in addition the connection on the two bundles 



^We would like to remind that even in Calabi-Yau compactifications of type II, while the attractor equations 
fix the vector multiplets to discrete points, the hypermultiplets are unfixed, so also in this case there is a 
continuous family of attractor points parametrized by the hypermultiplet moduli space. 

^This has been demonstrated in some examples of AdS3/CFT2 T^. We would expect the same for other 
cases, such as the MSW CFT 16 . In the case of 4d black holes and AdS2/CFTi the equivalent statement would 
be that the "moduli space" of the superconformal quantum mechanics must be the same as the hypermultiplet 
moduli space. It would be interesting to give a more precise meaning to this statement. 

■^In general the geometry of Mlugra receive corrections beyond supergravity, which have to be taken 
into account in order to achieve a precise matching with the CFT moduli space. This does not happen in the 
D1/D5 system due to the extended supersymmetry. 
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should be the same. 

This picture is easy to check in the simple case of the attractor flow near an extremal 
black string in six dimensions. In this case the boundary CFT is the one appearing in the 
AdS3/CFT2 correspondence. As we will see the irrelevant operators which preserve supersym- 
metry are descendants of certain fields in the chiral ring. Hence, their number can be counted 
and moreover the connection and geometry of their bundle can be exactly computed using 
our general analysis. The result that we find on the CFT side agrees with the predictions 
from the attractor flow in supergravity. 

Finally let us mention another interpretation of the geometry of the chiral ring that we 
study in this paper. Spectral flow relates the chiral primaries of the CFT to Ramond ground 
states. In the D1/D5 CFT, the Ramond ground states have the following interpretation. We 
consider IIB compactified on K?) x 5*^ and a bound state of D1/D5 branes wrapped on the 
internal manifold. This looks like a small supersymmetric black hole in five dimensions. The 
Ramond ground states of the CFT represent the internal microstates of the black hole. If 
we adiabatically change the moduli of the compactification the microstates will mix among 
themselves, as is well known from the non-abelian generalization of Berry's phase for quantum 
mechanical systems with degenerate microstates. The connection for the chiral primaries is 
related to the connection of the Ramond ground states over the moduli space, in other words 
it yields a geometric phase for the internal microstates of the black hole. 

In the first half of the paper we review background material. In section |2] we review some 
basic facts about the chiral ring in superconformal field theories. In section [3] we discuss the 
deformation of conformal field theories by marginal operators and the associated connections 
for the bundle of operators over the moduli space. In section H] we review basic results for 
the connection of the bundle of chiral primaries for the case oi M = (2, 2) theories and show 
how the tt* equations follow from conformal perturbation theory. In section [5] we introduce 
the M = (4, 4) algebra and discuss its basic properties. In section [6] we show that the 3-point 
functions in A/" = (4, 4) theories are covariantly constant and we compute the curvature for 
the bundle of chiral primaries. In section [7] we present the relevance of our computation 
for the connection between the attractor flow and RG-flow. In section [8] we discuss how 
the connection for chiral primaries is related to Berry's phase for black hole microstates. In 
section [9] we summarize our results and discuss some possibilities for future research. 
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2 AdSg/CFTs and its chiral ring 
2.1 Generalities 

We can derive the AdS3/CFT2 correspondence with 16 supercharges by starting with IIB 
string theory compactified on X, where X = T"^ or K?) and considering a BPS black string in 
six dimensions, consisting of a bound state of Dl strings and D5 branes wrapped on X. By 
taking a low energy decoupling limit of this system we find the duality between IIB on 

AdS^ X xX (2.1) 

and a two dimensional CFT with Af = (4, 4) supersymmetry and SU{2)^j^ x SU{2)^-gf^^ as 
its current algebra. Excluding the center of mass degrees of freedom, the level k and central 
charge c are given by 

k = Q1Q5 c = QQ1Q5. (2.2) 

This CFT can be understood as a supersymmetric sigma model whose target space is a 
resolution of the symmetric product X'^/Sn with N = Q1Q5, which is moduli space of 
instantons of degree Qi of a U^Q^) gauge theory living on X. 

The AdS3/CFT2 correspondence is characterized by the integer c and by a set of continuous 
parameters determined by the background values of the moduli fields of IIB. In other words, 
the correspondence has a moduli spac^ Ai. This moduli space is visible on the boundary 
side as the moduli space of the conformal field theory AicFT and on the bulk side as the 
moduli space A^s«gra of possible values of the scalar fields near the horizon of the black string 
in 6d. The local structure of the moduli space is exactly computable from both sides of the 
duality [I5] and it is of the form 

- 50(4) X SO{n) 

where n = 5 for X = and ri = 21 for X = K3. 

Notice that this is a local statement. The global structure of AA is more complicated [15] , [IT] 
. [18] and there are points where the CFT is singular. In this paper we will only consider local 
properties and ignore all subtleties related to the global structure of the moduli space and 
possible monodromies around singularities. 

There are points of Ai where the boundary CFT is weakly coupled. It is believed that 
there is a point where the CFT can be described as a symmetric orbifold CFT [T9].[20j. 
which is analogous to the A — limit in AdS5/CFT4. There are other points of A4 where 



'Similarly the AdS5/CFT4 has the discrete parameter N and the continuous parameter t — ^ + 



4-R 
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the bulk side of the correspondence is at weak couphng and where it is possible to perform 
computations in weakly coupled string theory or supergravity. 

Once we consider the theory away from these special limits, at a generic point in the 
interior of the moduli space A^, it is hard to compute anything exactly since both the bulk 
and the boundary sides have coupling constants of order unity. However, as long as we stay 
away from singularities, it is reasonable to assume that at all points of Ai the theory has 
a boundary description in terms of a 2-dimensional conformal field theory with A/" = (4, 4) 
supersymmetry and central charge given by (I2.2p . 

In any conformal field theory with extended supersymmetry, and in particular in the 
boundary theory of AdS3/CFT2, there is a protected sector consisting of chiral primary op- 
erators. These operators form a ring under multiplication and their 3-point functions char- 
acterize the structure of the ring |2]. The chiral primaries in the AdS3/CFT2 correspondence 
have been identified in the weak-coupling limits of A4. The counting of their degeneracies in 
the orbifold CFT limit is in agreement with their counting from supergravity [211 [22] . More 
surprisingly, their 3-point functions, that is the structure of the chiral ring, is the same at 
different points of the moduli space [5], [6], [7], [8]. 

Our goal is to compute the moduli dependence of the chiral ring at a generic point of Al, 
where no weakly coupled description of the theory is available. This is possible due to the 
extended supersymmetry. As we will see, the chiral ring is covariantly constant over Al. In 
particular, we will understand the non-renormalization theorem for the 3-point functions of 
chiral primaries in AdS3/CFT2. In the rest of this section we will review some background 
material. 

2.2 Chiral primaries and the chiral ring 

We start with a quick review of the chiral ring of 2-dimensional superconformal field theories 
[2] . Ultimately we are interested in A/" = (4, 4) theories, but for simplicity of notation in this 
section we will only consider the left-moving part of an A/" = (2, 2) SOFT. 

The left-moving currents are the energy momentum tensor T{z), two supercurrents G^{z) 
and the U{1) R-current J{z). The superscript index of the supercurrents denotes their R- 
charge which is ±1. An operator is called superconformal primary if it satisfies the condition 



Ln\<P) = Jn\<P) = G+ , 10) = 10) = 0, 



n > 0. 



(2.4) 



2 "~2 



If in addition it satisfies 



Gt,M = 



(2.5) 
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then it is called chiral primary. Using the Af = 2 algebra we can show that for such operators 
we have 

(2Lo- Jo)|0) = (2.6) 

and therefore the conformal dimension h and the R-charge q are related as h = q/2. Con- 
versely, in a unitary CFT we can show that a primary field satisfying (12.61) will be chiral. 
Similarly we define antichiral primary fields which satisfy 

G':i/2l0) = O ^ (2Lo + Jo)|0) = 0. (2.7) 

Their dimension and R-charge are related hj h = ~q/2. Obviously if a field is chiral, then 
0^ is antichiral. 

A remarkable property of chiral primary operators is that they form a ring. The OPE of 
two chiral primaries is nonsingular as can be demonstrated by U{1) charge conservation and 
unitarity and has the form 

0,(^)0,(^)=Cj.0fc(^) + ... (2.8) 

where the operator 0^ is also chiral primary of charge qk = qi + qj- The constants C!^j are the 
structure constants of the ring. 

We define the two point function of chiral primaries on the sphere which plays the role of 
Zamolodchikov's metric 

iMOWjioo)) = g,j, (2.9) 

and can be nonzero only if the fields have opposite R-charges. We also have the 3-point 
functions on the sphere 

(0.(O)0,(l)0;(oo))=C,^.^ (2.10) 

where again from charge conservation it must be of the form chiral-chiral-antichiral. 

Using the OPE of the chiral ring we find the following relation between the chiral ring 
coefficients and the 3-point functions 

C.jk = Cl,9u:. (2.11) 

Our discussion up to this point has been about the left-moving sector of an A/" = 2 theory. 
When we consider the full A/" = (2, 2) theory we can have fields which are chiral on both 
sides, antichiral on both, or chiral - antichiral, and we will have four corresponding rings 
(cc), (aa), (ca), (ac) which are pairwise complex conjugate. 

As we will explain in more detail later, for A/" = (4, 4) theories we can use the enhanced 
R-symmetry S'?7(2)^jj x SU (2)^^;^^ to rotate a chiral field into an antichiral one. This implies 
that all four rings are equivalent, so essentially there is only one ring in an A/" = (4, 4) theory. 
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2.3 Moduli dependence 

So far we have considered the chiral primaries and their OPEs in a given SCFT. Usually 
superconformal field theories come in families, parametrized by a moduli space AicFT- Motion 
along Ai c FT generated by marginal operators. We will consider perturbations by operators 
which preserve the M — (2,2), or J\f — (4,4), structure and we will stay away from any 
singularities on the moduli space, so we will assume that AIcft is a smooth manifold of fixed 
dimension, at least locally. 

While the dynamics of the CFT depends on the position on M.c ft, certain properties of 
the chiral ring are protected. For example the number of chiral primaries of given dimension is 
generally constant on Adc ft- It is possible for chiral primaries to pair up into long multiplets 
and leave the BPS spectrum, but this will happen at special points or submanifolds of the 
moduli space. We will restrict our analysis to regions of A4cft where this does not happen. In 
AdS3/CFT2 this assumption is justified by the agreement of the counting of chiral primaries 
in the symmetric orbifold and the supergravity limits. 

In a general — (2,2) SCFT the structure constants C^j and the 2- and 3-point functions 
Qjj, C^j-j^ are usually nontrivial functions on A4cft- The agreement of 3-point functions of 
chiral primaries in AdS3/CFT2 at different points of the moduli space is a strong indication 
that in this system they are actually constant on the moduli space. This moduli-independence 
must be a consequence of the extended supersymmetry in J\f — (4, 4) superconformal field 
theories, which implies a non-renormalization theorem for the 3-point functions of chiral 
primaries in theories of this type. 

2.4 The bundle of chiral primaries and the chiral ring 

In general comparing the correlation functions of operators at different points of the moduli 
space of a theory is not straightforward due to operator mixing. More precisely, to compare 
their correlation functions in a meaningful way, we first have to verify that the operators 
under comparison are actually "the same" at the two different points. Since the underlying 
quantum field theory is also changing as we vary the moduli, there is no natural identification 
of operators at different points of the moduli space. We could try to label operators by 
their conformal dimension and other conserved charges, but in general there is too large a 
degeneracy of operators of given charge to uniquely identify them. Moreover, as we will see 
later, the correct identification of operators between different points on the moduli space is 
actually path dependent. 

Consider the moduli space Mcft of a CFT. At each point p e Mcft we have the vector 
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space V,^^ of chiral primary operators of charge q. As we argued above we will assume that 
the dimension of this space is the same at all points, however there is no natural identification 
between the chiral primaries at different points of AicFT- This means that Vq'''^ is the fiber 
of a vector bundle 

V, (2.12) 

of chiral primaries of charge q over the moduli space. The chiral ring coefficients can be 
thought of as multiplication between bundles of this form 

Cj:Vp®V,^Vp+, (2.13) 

and similarly the three point functions 



Q^.fc : Vp ® V, ® Vp+, ^ C. (2.14) 

It should be clear that to meaningfully compare the 3-point functions of chiral primaries at 
different points, we have to compute the connection on the bundles Vq which will specify how 
exactly we can "parallel transport" operators from one point to another. The connection on 
the bundle of operators over the moduli space is generally determined by the dynamics of the 
CFT as we explain in the next sections. In the special case of chiral primaries in theories with 
A/" = (2, 2) supersymmetry this computation is simplified and the connection of the bundles 
Vq can be computed by the tt* equations which will be described later. 

In this paper we want to compute the geometry of the bundles of chiral primaries in 
A/" = (4, 4) theories, and in particular for the theory relevant for AdS3/CFT2. The first result 
of our analysis is to show that the 3-point functions are covariantly constant, that is they 
satisfy 

^,C,-, = (2.15) 

where is a covariant derivative^ along a tangent direction on Mcft, associated to the 
connection on the bundles Vq. This is a non-renormalization theorem for the chiral primary 
3-point functions in AdS3/CFT2 and more generally for any Af = (4,4) theory. The second 
result is the computation of the connection on the bundles of chiral primaries at a general 
point on the moduli space of A/" = (4, 4) theories, using the constraints from supersymmetry 
which allows us to express them in terms of the tt* equations. 



It should be clear that naive expression 

d,C^-, = (2.16) 

is meaningless since the ordinary, instead of the covariant, derivative of a geometric object is not an invariant 
quantity. 
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3 Families of conformal field theories and the connec- 
tion for operators 

The fact that we have to define a connection on the bundle of operators over the moduh space 
of a conformal field theory is quite general and not specific to theories with supersymmetry. 
The most familiar example is the connection for exactly marginal operators. The marginal 
operators 0^{z, A) of a CFT correspond to tangent vectors on the moduli space at the point 
A G AicFT- Comparing marginal operators at different points of A4cft is analogous to 
comparing tangent vectors at different points of a manifold, i.e. impossible, unless we first 
define a connection which describes their parallel transport. The moduli space M.cft of a 
conformal field theory has the structure of a Riemannian manifold. This structure is defined 
by the Zamolodchikov metric gp.v{X) which is given by the 2-point function 

(0,(;.,A)aKA)) = ^^. (3.1) 

In general the metric g^v{^) depends on the position A G M.cft which means that the 
moduli space has a non-trivial geometry. We can use the metric to define a metric-compatible 
connection for the operators 0^(2;, A), allowing us to parallel transport and compare them 
at different points of M.cft- So the vector bundle of marginal operators is isomorphic to 
the tangent bundle of the moduli space and the natural connection on it is the Levi-Civita 
connection associated to the Zamolodchikov metric. The mixing of marginal operators under 
deformations of the theory is expressed by the equation 

<5^a = Tl^O^ (3.2) 

where 

r^;. = \g^\d,9,x + d^g^x - d^g,,) (3.3) 

and gp^y{X) is the Zamolodchikov metric defined in fl3.ip FI 

Similar arguments hold for operators of higher conformal dimension. For simplicity we can 
assume that at all points of M.cft we have a set of operators of conformal weight {h, h). 
If there are no additional conserved charges distinguishing them, then they will generically mix 
among themselves when we move on M.cft- Under a deformation generated by a marginal 



''In general the marginal operators correspond to tangent vectors on the moduli space. The relation between 
operator mixing (|3.2p and the Zamolodchikov metric (|3.ip via (|3.3p is true only if we choose a basis of marginal 
operators corresponding to commuting vector fields on the moduli space, so that they can be interpreted as 
derivatives with respect to a choice of coordinates. Otherwise they have to be treated in terms of a basis of 
vielbeins and the expression for their mixing has to be written in terms of the spin-connection. 
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operators (9^ we have the mixing 

5^^i = A-I^j cpj (3.4) 

where Aj^j plays the role of the connection. Similarly if we consider an infinitesimal closed 
loop of deformations spanned by two marginal operators O^, O^, we have the curvature 

{6f,6^ - 6Jf,) If I = R^^i if J. (3.5) 

So the operators take values in a vector bundle over the moduli space, whose connection is 
Aj^j and the curvature Rj^^j- In what follows we will explain that there is a natural connection 
which is completely determined by the dynamics of the CFT. 

3.1 Deformations of conformal field theories 

Before we proceed, we would like to pause and discuss some (well-known) subtleties which 
will clarify the underlying reason for having a nontrivial connection for the operators in a 
family of conformal field theories. Let us start with a given theory characterized by a set of 
correlation functions 

Gn{x) = {(fi{Xi)...ipn{Xn)) (3.6) 

which satisfy the axioms of a 2-dimensional CFtI^ We consider an operator 0{z) in this 
theory. From the Lagrangian formulation point of view, we can deform the theory by adding 
to the action 

S ^S+^ J (fzO{z) (3.7) 
where A is a small parameter. The effect of this deformation is to modify the n-point functions 

Gn{x)^Gn{x)+5Gn{x). (3.8) 

For deformations of the form (13. 7p . the deformed n-point functions are given, to first order in 
A, in terms of integrated {n + l)-point functions of the original undeformed theory 

5Gn{x) = 5{ipi{Xi)...ipn{.Xn)) - ^ j d"^ Z {ipi{xi) . ..(pniXn)0{z)) (3.9) 

where the meaning of the symbol ~ will become clear below. To second order in A we have 
to consider the twice integrated {n + 2)-point function of the undeformed theory and so on. 

The deformed theory may be a local quantum field theory, but not necessarily a CFT. By 
demanding that the deformed correlation functions satisfy the CFT axioms, we find certain 
conditions for the deformation operator 0{z). To first order in A the condition is that 0{z) 



^Notice that up to this point the correlation functions are defined only for distinct points, Xi ^ Xj 
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must be an operator of dimension (1, 1), that is a marginal operator. More constraints from 
the requirement of conformal invariance appear at higher orders in A, and if all these are 
satisfied 0{z) is called an exactly marginal operator. 

Going back to (13.91) we see that in order to compute the deformed correlators we have to 
integrate the insertion of 0{z) over z, but when z ^ Xi the operator 0{z) will hit the other 
insertions. This introduces two subtleties. First, in the original theory the correlators (13.61) 
were defined for distinct points, and formally we may have contact terms when the insertions 
coincide [12], [23]. Second, the integral over z in (13. 9p will generally diverge because of short 
distance singularities between the operator 0{z) and the other insertions ipi{xi). So the right 
hand side of equation (13. 9p is not well defined at this stage. Notice that for large z the 
correlator decays at least as l-zl""^, so there are no IR divergences to worry about. 

Actually, the two aforementioned subtleties are related in the sense that we define the 
contact terms to precisely cancel the infinities arising from the integration over z around the 
punctures. While the infinities are cancelled in this way, there may be finite remaining contri- 
butions from this subtraction prescription which are responsible for the nontrivial connection 
for the operators of the CFT. 

Equivalently we can forget about contact terms, but instead define a renormalization pre- 
scription for the integrated (n+l)-point function which is consistent with locality. Considering 
(13. 9p again, we see that the more precise statement should be 



5Gn{x) = - 

TT 



(fz{Lpi{xi)...ipn{Xn)0{z)) 



(3.10) 



where the subscript ren stands for renormalized, and its exact meaning will be explained in 
the next subsection. 

Now if we consider two deformations, one by the operator (9^ and one by O^, then the 
naive answer (13.91) would give 

{5^5uGn)naive - — / d'^Zi f (f Z2{(pi{xi) . ..(pniXn)0^{Zi)0 ^{Z2)) (3.11) 



and also 



so formally 



i6Jf,Gn)naive - / d'^Zi / Z2{(pi{xi) . ..(pniXn)0 ^{zi)0^{z2)) (3.12) 



(^^ fi^ uG n) naive i^^u^^Gn) naive (3.13) 



which would indicate that the order of deformation does not matter and it would imply that 
there is no curvature on the space of CFTs. However this is wrong, since the integrated 
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(n + 2)-pomt functions are not well defined for the reasons we mentioned earlier. Only the 
renormalized integrated (n + 2)-point functions are meaningful 



AiA 



1^2 



d^Zi / d^Z2{^l{Xi)...ipn{Xn)Ou{zi)0^,{z2)) 



(3.14) 



where again we have to specify the way to renormalize the double integral. As it turns out, 
it is possible to find a renormalization prescription for the integrated correlation functions 
(13.10p and (13.14^ . such that the axioms of a CFT are preserved but the price we have to pay 
is that in general 

(3.15) 

Because of this non-commutativity the correct statement is not 



but rather 



in other words 



^^iGn — ^d^Gn 



5aGn — X'VnGn, 



riGn — — 



TC 



S z{Lpi{Xi)...ipn{Xn)0 ^{z)) 



(3.16) 

(3.17) 
(3.18) 



The renormalization prescription defines the covariant derivative associated to the con- 
nection Aj^i on the vector bundle of the operators {v^/} introduced in (13. 4p . 

3.2 The connection for operators 



In [24], [25] connections on the vector bundle of operators over the moduli space of a CFT 
were studied in detail. A natural prescription (called the connection c in [25]) for defining 
the renormalized deformed correlators is the following: consider the to-be-integrated {n + 1)- 
point function, introduce very small disks of size e around the punctures Xj, and define the 
regularized integrated {n + l)-point function 



5^Gn{e) = - 
IT 



d^z{(pi{xi)...(pn{Xn)0^,{z)) 



z—Xi\>e 



(3.19) 



reg 



As e — > 0, and suppressing the Xi variables, the regularized integrated function will have the 
form 

S.Gnie) = (5,G„)_ + 5^ I + CO log 6 (3.20) 



o>0 



where the finite piece 



(S^Gn) 



(3.21) 
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defines the renormalized perturbed n-point function and tlie corresponding connection V^j by 

dSHD. 

If we consider the second variation of the correlation function according to this prescrip- 
tion, we find that 

{(^fi^uCrnjren 7^ ^^u^^iGn)ren (3.22) 

This is the reason that we have curvature on the vector bundles of operators over the moduli 
space. 

Also, notice that the vector bundle whose fiber is spanned by a set of operators {^i} is 
equipped with a natural metric gij{\) defined by the 2-point function 

= (3.23) 

The connection defined above is compatible with the metric 

V^(?7j = (3.24) 

so it is a natural connection for this vector bundle. 

The curvature of the connection can be expressed in terms of 4-point functions. We quickly 
describe the main result, more details can be found in [25]. Consider a set of operators {^i} 
of the same conformal dimension and same charges. The object we want to compute is the 
curvature Rf^^i of corresponding vector bundle over the moduli space. The curvature can be 
computed if we know the 4-point function 

{0^{z^)0,{z2)vj{x^)ipi{x2)) (3.25) 

for distinct points of insertion. Generalizing the prescription (13.191) . (I3.20p the curvature is 
given by a twice integrated and appropriately regulated antisymmetrized combination of the 
4-point function, as follows [25]. 

First we consider the 4-point functioij^ as a function of zi^ Z2 

G^A^x. Z2) = {0^{z^)0,{z2)^'{^)vi{Q)) (3.26) 

for distinct points. Keeping zi fixed, we consider the integral over Z2 of the following expres- 



sio: 



F{zi, e) = \ j dh2{G^,{zi, Z2) - G,^{zi, z^)). (3.27) 



^The index J has been raised with the Zamolodchikov metric p.23p as (f^ = g-^^ipK- 

^'^The integral over the disc arises from separating the plane, viewed as a two sphere, in two hemispheres, 
see [25l. 
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Notice that because of the antisymmetrization the integral converges as zi ^ Z2- For fixed 
e the integral is convergent, however it may diverge as e — because the operator at Z2 
approaches the operator at 0. We define the regularized integral 

F{z,) = Urn {F{z,, e) - Bp{F{z,, e))) (3.28) 

where Dp denotes the divergent part, defined as in fl3.20p . This procedure gives us a finite 
function F{zi). Finally we integrate F over Zi. There are divergences as 2:1 ^ and again 
we are instructed to keep the finite part 

R'^^j = Fp [ dh^Fiz^) (3.29) 
^ki|<i 

where Fp denotes the finite part, again defined as in fl3.20p . This is the final expression for 
the curvature. It is also possible to rewrite the curvature in terms of OPE coefficients. If we 
have 

then after some algebra [25] we can show that the curvature has the form 

nU, = f E + E ) ^^ii^^ (3.31) 

where 7 = h+h, s = h—h are the scaling dimension and spin of the operator, and jij = 7i— 7j. 

As we can see, the connection on the vector bundle of operators depends on the dynamics of 
the CFT. For a general interacting CFT it is difficult to compute the exact 4-point function, 
or equivalently the OPE coefficients, hence the computation of the curvature is hard. In 
theories with extended supersymmetry, and if we are interested in the curvature of operators 
in the chiral ring, it becomes possible to compute the curvature exactly. As we will see in this 
case the infinite sum in f l3.3ip truncates to a finite sum over chiral ring coefficients, giving 
us the tt* equations. We analyze the A'' = (2, 2) case in the next section and then consider 
AT = (4,4) SCFTs. 

4 The Chiral Ring oi Af = (2, 2) theories 

The bundle of chiral primaries has been analyzed in detail in theories with Af = (2, 2) super- 
conformal symmetry. The main result relevant for us is the computation of the curvature of 
the bundle of chiral primaries in terms of the chiral ring coefficients, which is expressed by 
the tt* equations derived by Cecotti and Vafa in [3]. In this section we quickly review the 
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main points and give a derivation of the tt* equations for superconformal theories which does 
not rely on the topological twisting. 

In an A/" = (2,2) SCFT the left-moving currents are T{z),G'^{z), J{z) and the right- 
movmg ones T{z), G (z), J{z). The OPEs of the algebra can be found in appendix |Al As we 
explained before in A/" = (2, 2) theories we have the (cc) ring of chiral primary-chiral primary 
operators (pi which satisfy 

£o = f , i„ = I (4.1) 

and their complex conjugates (aa) with opposite charges. We also have chiral primary - 
antichiral primary operators ipi in the (ca) ring satisfying 

L„ = ^, r„ = -| (4.2) 

and their complex conjugates in the (ac) ring. We will refer to the (cc) ring and its conjugate 
as the chiral ring, and to (ca) and its conjugate as the twisted chiral ring. The structure 
constants of the chiral ring are given by 

Uz)cP,{w)=C^^cP,{w) + ... (4.3) 

while those of the twisted chiral ring by 

^a{z)Uy^)=Cii^d{w) + ... (4.4) 

We can find marginal operators by considering the descendants of chiral primaries of dimension 
(1/2, 1/2). We have the following possibilitieJ"1 

0^ = \gZ,i^-M2 -0., = \g\i^-,I2 ■ J, (4.5) 

= ^G:i/2G^_i/2 ■ a = \gUi^-XI2 " V^- (4.6) 

All these are operators of conformal dimension (1, 1) and R-charge (0, 0), so they are marginal 
and can be used to perturb the CFT. The first class of operators labeled by z, j, ... are descen- 
dants of fields in the chiral ring and their complex conjugates, while the second class labeled 
by a,6, ... are descendants of fields in the twisted chiral ring and their complex conjugates. 
We use Greek indices /x, z/, ... to denote a general marginal operator which can be of any of 
the four forms described above. 



^^We have included the factors of i in the normalization of the marginal operators to ensure that g,-- 

(O,;(l)O7(0)) = (0,(1)^(0)). 



20 



A basic result is that for M = (2, 2) SCFTs the moduh space locally has a product 
structure 

M CFT = M.C X -M-TC (4.7) 

where M.c is generated by marginal operators which come from the chiral ring, and M.tc is 
generated by marginal operators from the twisted chiral ring. As an example, for a sigma- 
model whose target space is a Calabi-Yau 3-fold, one of the spaces corresponds to the Kahler 
structure deformations while the other to the complex structure deformations. It can be 
shown that each of the two components M.Ci M.tc is a complex, Kahler manifold. Moreover 
it can be shown that they are special Kahler. 

We denote by the Kahler form of the component M.c and g^i that oi }Atci which are 
given in terms of CFT data by the two point functions 

mz)a,{w)) = (awaH) = (4.8) 

In A/" = (4, 4) theories the moduli space does not factorize, not even locally. It consists of 
a single factor and cannot be decomposed into chiral and twisted chiral components. As we 
will see it is not a complex manifold. 

4.1 Curvature of the algebra 

We now proceed with a discussion of the connection on the bundle of operators over the 
moduli space. In the same way that chiral primaries can mix under deformations of the 
CFT, the generators of the algebra can also mix among themselves, see |26] for a nice review. 
The energy momentum tensor T{z) and the U{1) current J{z) are uniquely defined at each 
point of the moduli space, so there can be no holonomy associated to them. However the 
supercurrents are not uniquely defined, since the JV = (2,2) algebra has a U{1)l x U{1)r 
automorphism which transforms the supercurrents as 

G-i ^ e±*^G±, ^ e^'~^G^ (4.9) 

leaving the bosonic currents unchanged, and where 6, 9 are two independent angles. Conse- 
quently, what we mean by a supercurrent is ambiguous up to an overall phase. Moreover, if we 
parallel transport on the moduli space and come back to the original point, the supercurrents 
will receive a U{1) rotation. This means that the supercurrents are (operator valued) sections 
of U{1) bundles over the moduli space. If G^ is a section of a U{1) bundle C then will be 
a section of C~^, since they transform with opposite phases. Similarly G^ will be a section 
of another bundle C and G a section of £ \ We call F the curvature tensor of the bundle 
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£ and F the curvature of C. According to our previous discussion, to compute the curvature 
of C and C, we need the 4-point functions 

{0^ix)0,iy)G'{z)G-'{w)) and {0,ix)0,iy)G' iz)G\w)), (4.10) 

where O^, Oy are marginal operators of the form (14. 51) . (14.61) and r, s = ±. 

These four point functions can be exactly computed using the superconformal Ward iden- 
tities of the M = (2, 2) algebra. For example as we show in appendix O we have 

mx)0-{y)G^z)G-{w)) = ^- ^ + If ^ (4.11) 

6 \x — y\^{z — wy [x — zYyy — wY{z — w)[x — yY 

and similarly for the other combinations. Following the prescription of equations (13.261) to 
(I3.29P we find that the only nonzero components of the curvature for the line bundle C are 

Fil = ^i5^ Fal = ~l9al (4.12) 

while for C we have 

Fq = ~l9ij, F^-, = -^g^-, (4.13) 

Notice that if we consider the bundle C, then its curvature is zero on AAtc^ while C®C 
has zero curvature over ^Ac■ 

To summarize, we found that while the bosonic currents T{z),J{z) are well defined ev- 
erywhere, the supercurrents G^{z) are ambiguous and there is an associated holonomy for 
them described by the holomorphic line bundles C, C over the moduli space. Notice that the 
Kahler form on the moduli space is | times the curvature of the line bundle C (or £), so its 
first Chern class is | times an integral class [27j,[28]. For sigma- models in Calabi-Yau ra-folds, 
where c = 3n, the bundle C^^^ is the same as the line bundle of the holomorphic (n, 0) form 
Q over the complex structure moduli space. 



4.2 On the curvature of the chiral primaries 

Now we want to consider the connection on the bundle of chiral primaries. From charge 
conservation, (cc) operators can only mix with themselves, and similarly for (aa), (ca), (ac). 
For each conformal dimension [h, h) we have the bundle of chiral primaries (pi with charge 
{2h,2h), the bundle of twisted chiral primaries with charge {2h,—2h) and their hermitian 
conjugates. 

To avoid overly heavy notation we will denote the total bundle of chiral primaries by V and 
that of twisted chiral primaries by V. Each of these bundles is the direct sum of subbundles 
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Vq corresponding to fields of specific charges 



V = 5^©Vg (4.14) 

q 

It should be clear that the connection on the bundle V has to preserve the grading by conformal 
dimension (or f/(l) charge), since it should not mix operators of different dimensions under 
parallel transport. 

4.3 Direct computation of the curvature of chiral primaries 

There are two methods to compute the curvature of chiral primaries: one is to directly compute 
the relevant 4-point function in the physical theory and then use (13.291) . The second is to 
use spectral flow to the Ramond sector, consider the topologically twisted theory and follow 
the arguments of 01 . The two methods give the same result, which is the tt* equations. In 
this section we show how the direct computation of the 4-point function yields an alternative 
derivation of the tt* equations in superconformal theories. 

Let us consider the curvature of the bundle V over the factor Aic of the moduli space. 
According to the general expression (I3.29p . we need to compute the 4-point functions 

mx)0]{y)M^)Ji{w)), (0]{x)0,{y)M^)Mw)) (4.15) 

where 

0,{x) = IcZy.GZy, ■ M^), O-iy) = \Gty,G\/2 " Uv)- (4-16) 

As explained in appendix [Dl using the OPEs of the supercurrents with the chiral primaries, 
we can move the supercurrent operators from Oi onto Oj and we have 

{Oi{x)0]iy)Mz)Ji{w)) = dydy (^\li^{(f),{x)J]{y)Mz)Mw))^ (4.17) 
similarly moving the supercurrents from Oj to Oi we have 

{mx)0,{y)M^)Mw)) = dydy f\^i^^{J-{x)<f),{y)M^)Mw))) (4.18) 
Taking w — > and z ^ oo we find 

{0,{x)Oj{y)<Pu{^)Ji{Q)) = dydy {{Mx)fj{y)MooWim) (4-19) 



and 



(O,(x)O,(y)0,(oo)0KO)) = dydy { ^(0^.(x)0,(|/)0fc(oo)0KO)) ) (4.20) 



\x 
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We can now use the general formula ( 13.29P for the curvature of the bundles of operators. 
We notice that as y — both of the correlation functions are finite: for (14.191) we just have 
to use the OPE in the antichiral ring which is non-singular, while for (I4.2UI) we have to use 
the results from appendix [E] for the OPE of a chiral field with an antichiral. The leading 
term goes like and is exactly cancelled by the \y\'^ in the numerator. Following fl3.29p the 
curvature is 

% = FP(^/ d''xl{x) (4.21) 



where 



|x|<l 



I{x)= / d^ydydy{{(t)i{x)(t)^{y)(t)k{oo)(l)m)) 



\y\ i-r 



^(0i(a;)0i(z/)0fc(oo)0/(O)) 



\x 



and we used the fact that there is no singularity as ?/ — 0. Using Gauss's theorem we hav 

A^) = \\ dei{ydy + ydy) ('(0,(a;)0j(y)0fc(oo)0i(O)) - pL(0^.(a;)0^(y)0^(oo)0,(O)) 

(4.23) 

From the conformal Ward identity 



^ {hi + Zidi) {ipi{zi)...^n{Zn)) = (4.24) 
i 

we have for the 4-point function 

(1 + xd, + ydy){(f)^{x)J'j{y)Moo)Jim = (4.25) 
Using this we can write ( 14.23^ as 

I{x) = -\ [ deii2 + xd, + xa,) ( {UxWj{y)MooWi{0)) - -^(fj{x)<Pi{y)MooWim] 

(4.26) 

Considering the integration over x we find 

l^TTJ Jq J\y\=l J\x\=r 

(4.27) 



^As explained in [25j the antisymmctrized 4-point function has no singularity as y — > x. 
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So we have 




dd2 (r2(0,(x)0,(2/)0fc(oo)0z(O)) - {<P^{x)Uy)'Pk{^)U^))) 

(4.28) 



dd2 {r\u^)ct>j{y)(t>k{^)H^)) - {H^)Uy)<Pk{^)H^))) 



The contribution from the first two terms can be computed using the OPE between (pi and 0^ 
as explained in appendix [Fl The contribution form the second term can be computed using 
the OPE of the field at x with the field at 0, which is determined by the chiral ring coefficients 
(see also appendix [E]) . Finally we have 



All other components of the curvature vanish, as can be easily demonstrated using a similar 
analysis. To summarize we find the following expressions for the curvature 



Apart from the term proportional to Qi-jQi^j in the third equation, these are the tt* equations 
which were initially derived [3] using the correspondence between chiral primaries in the NS 
sector and the Ramond ground states, and the topological twisting of theories with extended 
supersymmetry. More details can be found in the relevant papers. While the derivation based 
on the topological twisting is more general, as it also works for non-conformal M = (2, 2) 
theories, it is satisfying that the same result can be reproduced from the point of view of 
conformal perturbation theory in the physical theory without using the twisting. We discuss 
the role of the extra term in the next subsection. 

The main use of these equations is that for A/" = (2, 2) theories we can compute the 
connection on the bundles of chiral primaries if we know the chiral ring coefficients. In 
general the chiral ring coefficients are not constant, rather they are holomorphic functions on 
the moduli space. Later we will see the simplifications that occur for A/" = (4, 4) theories. 

Before we proceed let us mention that similarly we can compute the curvature of the 
bundle of the twisted chiral ring V over the factor Aire of the moduli space and we similarly 




(4.29) 



[Vi, Vj] 











(4.30) 
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find the equation 

Ral = 9aWcR (l - -^)) - [CaM (4.31) 

4.4 Some comments 

In the original tt* equations for the Ramond ground states of the topologically twisted theory, 
the term 

9^l9kl(^^-liQ + Q)^ (4.32) 

was not present. This means that the connection for the Ramond states in the topologically 
twisted theory is not exactly the same as the connection for NS chiral primaries in the physical 
theory, but they differ by U{1) phases related to the line bundles C, C. While this extra term 
came out of our computation naturally, using the general formalism for the connection of 
operators, we have not fully understood why there is a difference between the physical and 
twisted theories. Because of this we would like to make some consistency checks regarding 
the presence of this term. In this section we will consider a special class of chiral primaries 
and we will see that to get the correct answer for their curvature we do indeed need the extra 
term Km . 

First we consider the case of the identity operator I{z) whose charges are (0, 0). Obviously 
its curvature over the moduli space should be zero. This can be seen from the 4-point function 

mx)0-iy)liz)liw)) = (4.33) 

This is symmetric under x ^ y, so its curvature must vanish. Now, if we compute the second 
term of (I4.3UI) on the subspace spanned by I{z) we have 

[Ci,C]]=9.j (4.34) 

This is precisely cancelled by the term (14.321) for q = q = 0. 

Another example we will consider is the chiral primary p{z) of highest left U{1) charge 
(c/3,0). This is a unique field present in any A/" = (2,2) theory. To compute the relevant 
4-point function we consider the bosonization of the U{1) currents 

J{z) = i^f^ OH, J{z) = iv/c/S dH (4.35) 

where H, H are free compact bosons. Any operator with charge (g, q) can be written as 

^ = e'V^'iiH+m^ (4.36) 
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with X ^ neutral operator, which may be a polynomial in J ~ dH and J ~ dH. The field 
p{z) has charges (c/3,0) and using the bosonized currents can be written as 



p{z) = e'V-/^^ (4.37) 

The marginal operators are neutral so if we write them in the form fl4.36p then the in- 
dependence can be at most a polynomial in derivatives of the fields H, H, or equivalently 
polynomial in the currents J, J and their derivatives. However we know that for the marginal 
operators which are descendants of chiral primaries we have 

J{z)0{w) = regular (4.38) 

which means that actually these marginal operators do not involve the free boson H{z) at all 
(similarly for the right moving H). But this implies that 

p{z)0{w) = regular (4.39) 

Now we consider the 4-point function 

mx)0-{y)p{z)p\w)) (4.40) 

The field p{z) is holomorphic so we can compute the 4-point function from the OPEs. From 
fl4.39p we see that the only nontrivial OPE is between p{z) and p^{w) which is of the form 

[z — wY^i"^ 

where the operators appearing in the dots only involve the free boson H . As we argued the 
marginal operators do not couple to if, so the 4-point function is equal to 

mx)0,{y)p{z)p\w)) = |^_^|!g:^p./3 (4.42) 

Again this is symmetric m x ^ y so the curvature of the field p{z) should vanish. Looking 
at (14.301) we find that for this field 

[a,C-] = (4.43) 

while the term (14.321) is also zero for g = c/3,g = 0. So indeed the curvature vanishes. 
Similarly one can study the right moving field p of charge (0, c/3). Finally we consider the 
field A = (pp) of charge (c/3, c/3). Since this is the product of p and p its curvature should 
also vanish. The second term of (14.301) for this field gives 

[a,C]] = -g,jg^ (4.44) 
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This is precisely cancelled by the term (14.32^ for q = q = c/?>. 

The conclusion is that in all these cases the presence of the term (y'jjS'fcj (l — |(g + g)) is 
necessary to give the correct answer for the curvature of the operators. See also footnote (1211) 
for some related observations. 

Notice that the extra term is reminiscent of duality between H^''^{M) and H'^~^''^~'^{M) for 
a 2d dimensional Calabi-Yau manifold. Perhaps its presence/ absence is related to whether one 
uses the standard basis for the chiral primaries, (which means that they are directly related 
to the Dolbeault cohomology in the case of a supersymmetric sigma model), or a dual basis. 
It would be interesting to explore this a bit further. 

5 The Af = (4, 4) superconformal algebra 

In this section we review some basic properties of the (small) Af = (4, 4) superconformal 
algebra, whose OPEs can be found in appendix |Al Its R-symmetry group is 5*0(4)^ = 
SU{2)f^j^ X SU{2)^-gi^^. The left-moving currents are the energy momentum tensor T and the 
currents of the SU (2)^^^ symmetry Jj, i = 1,2, 3. The left-moving supercurrents fall into two 
doublets of the SU{2)f^f^ and will be denoted by G"'*, a,i = 1,2, obeying a reality condition 
Qa,i ^ ga''gU(G'^'.i)*. The 5^/(2)^^^ acts on the a index. The level of the SU{2)f^ft current 
algebra is equal to k = |, where c is the central charge of the theory. We have the same 
structure on the right-moving sector and we denote the right-moving generators by T, Jj and 

The Af = (4, 4) algebra has an outer automorphism which rotates the supercurrents, 
leaving all bosonic generators unchanged. In the notation C^'* for the supercurrents the 
outer automorphism is SU (2) rotations of the i-index. In general this transformation is not 
a symmetry of the theory, as there is no corresponding conserved current generating it. We 
will call it 50(4)°"*^'^ = 5?7(2)°")f x 5f/(2)^^g*^[. We remind that the 50(4)^ symmetry 
rotates both the supercurrents and the R-currents Ji,Ji, while S'0(4)°"*'^^ rotates only the 
supercurrents. The full automorphism group of the algebra is G = 5*0(4)^ x 5*0(4)°"*'^^. 

5.1 A/" = (2, 2) subalgebras 

An Af = (4,4) theory can of course be also seen as = (2,2). To pick an Af = (2,2) 
subalgebra of the Af = (4, 4) we have to do two things. First we have to choose a Cartan 
generator of SU{2)^j-^ and one of 5'f/(2)^g^^ that we will identify with the U{1) R-charge of 
the Af = (2, 2) theory. This gives us a freedom of ^77^ j x (^iJ^iy') ■ Notice that the different 
choices can be related by an 5*0(4)^ transformation which is a symmetry of the theory, so 
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they are essentially equivalent. Second, after we pick the direction of the N = (2, 2) R-charge 
generators, we still have an extra ^77^^ x (^77^ j freedom to choose which combination of 
the supercurrents G^"^, will be identified as the "standard" supercurrents of the A/" = 
(2, 2) theory. The different choices of the supercurrents are related by the outer automorphism 
50 (4)°"*'^'' which is not a symmetry, so in general the different JV = (2, 2) subalgebras of this 
type will be inequivalent. 

Notice that once we make the first choice and orient the U{1) x f/(l) generators in the 
5*0(4)'^, we completely fix which operators we will call chiral primaries (the operators with 

_ 2 

{Lq,Lo) = (Jq, Jq)), independent of the remaining ambiguity in the choice of the supercur- 
rents. This is a consequence of the fact that for a superconformal primary the following 
conditions are equivalent!^ 

(Lo-4)|0) = O ^ G++2l0) = O <^ Gty,\<P)=0 (5.1) 

Even though the definition of a chiral primary does not depend on the choice of the super- 
currents, its descendants do depend on it. So the inequivalent J\f = (2, 2) subalgebras with 
the same S'0(4)-^ orientation but with different 50(4)°"*'^'' orientation have the same chiral 
primaries, but different descendants. 

5.2 Short representations 

In this section we describe the short representations of the A/" = 4 algebra, i.e. those which 
saturate the BPS bound [29] . For simplicity we will only discuss the representation on the 
left-moving sector. To get a full representation of the TV = (4, 4) algebra we have to tensor a 
left with a right-moving representation. Short representations can be constructed by starting 
with a chiral primary field and then acting on it with the generators of the algebra. The 
conformal dimension and R-charge of a chiral primary satisfy 

Lo\^) = Jo\<P) = (5-2) 

We use the notation (Lq, Jq ) ~ i^^ ^"^^ conformal dimension and charge. Such a field 
is annihilated by the supercurrents 

G++2|0) = G+-/2|0) = O (5.3) 



^•^Notice the difference in conventions between the normahzation of the R-charge for the Af = 2 and Af = 4 
cases. In the Af = 2 theories, the U{1) charge J is normahzed to take integral values and the BPS bound is 
Lq — Jo/2. In the Af — 4 conventions, which we are going to follow in the rest of this paper, the eigenvalues 
of Jq are half-integers and the BPS bound is Lq ^ Jq. 
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To construct the representation we first discuss the action of C^'^^g Jq on the highest 
weight state. To start, we can act on with the lowering operator Jq with respect to the 
Jq charge. This gives us the fields (J with quantum numbers (Lq, Jq) = {q,q — n). 

Obviously we can act at most 2q times before the state is annihilated. This set of fields forms 
a 2g + 1 dimensional spin-g representation of SU{2)^jr^, and they all have the same conformal 
dimensior0. Also notice that these states are singlets of the SU {2)°'^jl'^ . 

We can construct more states of the representation by acting on with one supercurrent. 
The only supercurrents that do not annihilate (f) are G which mix under the action 

of SU{2)°^j^'^. This way we get two states 

l^+) = G:+2l0), |^-) = G:-/2i0) (5.4) 

These states have charges equal to (Lq, Jq) = {q + j,q — ^) and they are a doublet of the 
SU{2)°^j^'^ . Acting on these states with J we can complete them into spin q — \ represen- 
tation of SU{2)gft. 

Finally we can get new states acting on with two supercurrents. This gives the state 

I$) = G:+,G:-/2|0) (5.5) 

It has (Lo, Jq) = (g + 1, g — 1). It is a singlet of SU{2)i^j^^. Acting on this state with J we 
generate a spin q — I representation of SU{2)^^^^. 

The full representation of the superconformal algebra is generated by taking conformal 
descendants of the states described above. This is the structure of the typical short represen- 
tation. If we start with a chiral primary of low enough conformal dimension we get special 
short representations that we review in the next subsection. 

5.3 Special short representations 

First we consider the shortest nontrivial representation. If we start with a chiral primary 
with (Lo, Jq) = (|, |) and act with the supercurrents G~^,G we get two states with 
(Lo, Jq) = (1, 0). We cannot act again with the supercurrents since it would give a negative 
value for the R-charge. The representation is terminated and is shorter than the typical 
short representation. The two fields l?/'"^) = GZii2\'P)^ 1"^") = G^Ii/2l*^) singlets of the 
SU{2)^jr^ and a doublet of SU{2)°^jl'^ . If we tensor them with a similar representation from 
the right-moving sector we get fields with conformal dimension (Lq, Lq) = (1, 1) which are 



^''We called the top component (j) chiral primary, but each of the fields (J )"(/) would also be "chiral 
primary" under a different orientation of the axis. 
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singlets of S0{4:)^, but which transform under S'0(4)°"*^''. These are the marginal operators 
of the theory. 

Second let us consider the case where we start with a chiral primary |0) with (Lq, Jq) = 
(1, 1). From the previous analysis we see that the state |$) = GZi/2^-i/2\^) (-^o? Jq) = 
(2, 0). It is a singlet of SU{2)flj^ and also a singlet of SU{2)°^j^^. If we tensor it with a similar 
representation from the right-moving sector we get fields which have conformal dimension 
(Lo,Io) = (2,2) and are singlets of the ^0(4)^ (and also singlets of 50(4)°"*^''). These 
fields are the leading irrelevant operators which are singlets under S'0(4)^, so they break the 
conformal invariance but not the A/" = (4, 4) supersymmetry. Notice that there are no other 
SO (4)^ singlet operators in the short multiplets of the algebra. 

5.4 The moduli space of A/" = (4, 4) SCFTs 

Let us now use the restrictions of the A/" = (4, 4) superconformal symmetry on the structure 
of the moduli space. We review the well-known argument which completely determines the 
local structure of the moduh space of any Af = (4,4) SCFT [12], [13]. 

As we saw before, motion on the moduli space is generated by descendants of chiral 
primaries with (g,g) = (|,|)- Let us say that there are n multiplets of this form. Each 
multiplet gives 4 real marginal operators so the dimension of the moduli space will be 4n. 
The (local) holonomy on this space is in general S0{4n). However the marginal operators 
come in groups of 4 from a single chiral primary. We want to take advantage of this fact to 
restrict the holonomy of the moduli space. The chiral primaries (pi of weight (|, i) are sections 
of a vector bundle and have themselves some holonomy. Also, to go from the chiral primaries 
to the moduli, we have to act with the supercurrents. This means that the marginal operators 
are sections of a bundle which is the tensor product of the bundle of the chiral primaries with 
the bundle of the supercurrents. So the holonomy on the tangent bundle will be the product 
of the holonomy for the chiral primaries and the holonomy of the supercurrents. The latter 
contributes a factor of SO {4) associated to the 5*0(4)°"*^'^ ambiguity of the supercurrents. 
So the moduli space is a 4n dimensional manifold whose holonomy K is reduced: K G 
5*0(4) X SO{n) G S0{4n). Such manifolds are constrained by Berger's classification. After a 
few more easy arguments [13] we conclude that the moduli space is a locally a homogeneous 
space of the form 

50(4) X SO{n) ^ ' 

This means that the local geometry of the moduli space is completely fixed by supersymmetry, 
and can be determined if we know the number of marginal operators which fixes n. In the 



31 



case of AdSs/CFTs we have n = 5 ior X = and n = 21 ior X = K3.\^ 

Before we proceed, let us stress an important point. From each chiral primary 0j with 
(g, g) = (|, |) we get marginal operators which are singlets of S0{4:)^ 

G_[/2^-'i/2 ■ 4>i (5-7) 

where r, s can take any value in {+, — } independently. We can also consider operators of the 
form 

Gt[/,G%, ■ 0- (5.8) 

A very important property is that the tangent space of the moduli space is completely spanned 
by the operators of the form (15. 7p alone. The same is true about the operators of the form 
(15.81) . This can be roughly understood from the counting. The tangent space of the moduli 
space has real dimension 4n. The set of operators of the form (15. 8p has real dimension 8n, 
but we have to impose a reality condition for the operator used to deform the theory so we 
are left with half of them which is equal to 4n. 

Moreover, starting from a (cc) chiral primary (p of charge (1/2,1/2) we can use the 
SU{2)^^g^^ to rotate it to a (ca) primary ip of charge (1/2,-1/2). This will also lead to 
marginal operators of the form 

G-\/2G^-l/2-i^i (5.9) 

Gt\/2Gl{/2-J, (5.10) 

Again each of the two sets (15. 7p . (15.101) fully spans the tangent space. To summarize, from 
each chiral primary 0j with (g, g) = (|, |) we get 4 real marginal operators which are singlets 
of S'0(4)^ and which transform under 5*0(4)""*^''. These operators can be written in different 
ways (ETD, (ESD, (E9]), ^M)- 

From each chiral primary 0^ with (g, g) = (1, 1) we get a single real operator with (Lq, Lq) = 
(2, 2) which is a singlet of SO{A)^ x S'0(4)°"*^'". These are the only irrelevant operators that 
exist which preserve global A/" = (4,4) supersymmetry but which break conformal invar iance. 
We emphasize that this is a finite number of irrelevant operators. 



6 The chiral ring oi J\f = (4, 4) theories 

Finally, we are ready to consider the moduli dependence of the chiral ring in A/" = (4, 4) 
superconformal field theories. 

^^Notice that the moduh space is of the same form for all values of the central charge, so it seems to be 
independent of Qi,Q5- However we have not fixed the overall scale of the metric on the coset. This scale 
does depend on the central charge. 
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6.1 Curvature of the M = (4,4) algebra, the bosonic currents 

We start with the curvature of the generators of the algebra. In principle their curvature can 
take values in the automorphism group 5*0(4)^ x 50(4)°"*'^^' of the M = (4,4) algebra. To 
compute the curvature of the R-currents J^{z) we need the following 4-point function 

{0,{x)0,{y)J\z)J^{w)) (6.1) 

where (9^, Oi, are marginal operators. As a function of z this 4-point function is holomorphic 
so it is completely determined by its singularity structure when J^{z) approaches the other 
insertions. We have the following OPEs 

X{z)0^{x) = regular 

J\z)J'{w) = + ^ + ... 

2[z — wY z — w 

The proof of the first OPE is based on the fact that in an A/" = (4, 4) SOFT the marginal 
operators are descendants of chiral primaries, see appendix O for details. 

Since the OPE of a current with a marginal operator is regular, the only contribution to 
the 4-point function is when the two currents come together. Then we have to use the second 
OPE in (16.21) . The second term of that OPE involves J^{w) and is charged under 5*0(4)^, so 
its 3-point function with the neutral marginal operators is zero. So only the first term of the 
J J OPE contributes and we find 



2\x — y\'^{z — wy 



{0,{x)OMmJK^)) = Sr-^^fT^— (6-3) 



where g^i, is defined by the two point function 



{0,ix)OAy)) = (6.4) 
\x — 

The 4-point function (16. 3p is symmetric in /i ^ z/, and has no singularities as x,y ^ z,w so 
the curvature of the R-currents, according to (I3.29p . is zero. 

The conclusion is that there is no curvature for the 5*0(4)-^ symmetry over the moduli 
space. From the AdS/CFT point of view this is according to our expectations. The R- 
symmetry of the GET corresponds to the isometry group of the three-sphere in AdS^ xS^x K3. 
Intuitively we expect that changing the moduli of the compactification should not induce a 
rotation of the S^. The GET analysis verifies this intuition. 
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6.2 The supercurrents 

The supercurrents are charged under both the R-symmetry SO {4)^ and the outer automor- 
phism 5*0(4)°"*^^. We found that the R-symmetry does not have curvature over the moduh 
space. However, as we will see the supercurrents mix among themselves by an 50(4)°"*'^'' 
rotation. In principle this curvature can be computed by an analysis of 4-point functions of 
two supercurrents with two marginal operators, as in section 14.11 A faster way to derive the 
answer is the following. In sections |5.3[ 15.41 we explained that the marginal operators are con- 
structed by acting with supercurrents on chiral primaries of charge (|, |). If we call Q^,Q^ 
the bundles of left and right-moving supercurrents, Vi/2,1/2 the bundle of chiral primaries of 
charge (|, ^) and O the bundle of marginal operators, then clearly O is the tensor product 
of the other three bundles 

d = gL^gR^ (6.5) 

Moreover, O is isomorphic to the tangent bundle TAicFT of the moduli space (15.61) . The 
connection on TM.cft is described by the spin connection on the coset (15.61) which takes 
values in its isotropy group 5*0(4) x SO{n) = SU{2)^ x SU{2)^ x SO{n). From the tensor 
product structure ( 16. 5p . it is clear that the connection of is given by the SU{2)^ factor of 
the connection of the tangent bundle, the connection of by SU{2)^ and that of Vi/2,1/2 by 
the SO{n) factor. It should be easy to rederive this from a CFT computation of the 4-point 
functions, as in section I^?T1 The main point is that the supercurrents have nonzero S'0(4)°"*'^'' 
curvature which is directly computable by the geometry of the coset (15. 6p without any further 
input from the dynamics of the CFT. 

6.3 The 3-point functions are covariantly constant 

We denote by 0j the chiral primary fields of the A/" = (4, 4) theory, that is, fields which are 
Virasoro primaries and satisfy Lq = Jq, Lq = Jq . Their OPE has the form 

<j),{z)<j),{w)=C^^Mw) + - (6.6) 

where 0^ is also chiral primary and C^j are the structure constants of the chiral ring. We can 
also consider the 2- and 3-point functions related by 

9i-, = iHOWAoo)) (6.7) 
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We want to compute how the chiral ring 3-point functions vary as we move on the moduh 
space. For this we need to compute the 4-point function 

{0{z)(P,{z,)(Pj{z2)Mz3)) (6.8) 

where 0{z) is a marginal operator. We want to show that this 4-point function is zero. 

What is important for the proof is that, as explained in section [57il for A/" = (4, 4) theories 
any marginal operator can be written as the linear combination of descendants of antichiral 



primariei 
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Oiz) = Ai,Gtl/,GZl/,-<P,{z) (6.9) 

where Al^ are some appropriate constants. 

Now we consider the Ward identity [30] .131): on the sphere for a current G^'^{w) of dimen- 
sion 3/2. For any set of primary operators ip we have 

/n 
aw)G+^{w)^i,{z,)...^,„{z^)) = J2^i^^){^^M)■■■iGL\/, " (z,) . . .^,„{z^)) = (6.10) 

2=1 

where ^{w) is a globally defined holomorphic vector field of the form ^ 

^{w)=aw + b (6.11) 
where a, b are arbitrary complex numbers. Using this Ward identity we have 

e(z)(O(;.)02(^l)0,(^2)0;(^3)) +e(^3)((4sG!;/2 • 0;(^)) U^l)M^2mGt[/2-Tk){^3)) = 

(6.12) 

where we used G"J*[^2 ' 4>i = ' ~ ^ since these fields are chiral primaries. Now if we 

choose the vector field ^{w) in (16.111) is such a way that C,{z) = 1 and ■^(^3) = we immediately 

get 

{0{z)<j)i{zi)<j)j{z2)Mz3)) = (6.13) 

Since the 4-point function vanishes for all marginal directions, following the definition of the 
covariant derivative ( 13.18^ we find that there is no need for any subtraction and the covariant 
derivative of the 3-point function is zero. This means that the chiral ring is covariantly 
constant 

VCJ. = 0, VG^-, = (6.14) 



^^Of course this is not true in (2, 2) theories, which is why in those theories we have VmCijk = 0, but in 
general V mC^k ^ 0. 

^^We do not consider conformal kiUing vector fields of the form ^(w) ~ nP' for the following reason: since 
G+'"(w) has dimension 3/2 the correlator {G^^ {'w)ipi^{zi)...ipi^{zn)) falls-off like as w ^ 00. So if we do 
not want to have a contribution from infinity £,{w) can be at most linear in w. 
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where we obviously also have V(7jj = since the connection is compatible with the metric 
fl3.24p . This shows the non-renormalization of 3-point functions of chiral primaries 3. The 
result is valid for any M = (4, 4) theory, in particular in AdS3/CFT2 it is true not only in the 
large limit but even for finite values of = Q1Q5. 

6.4 Non-renormalization of extremal correlators 

More generally the same argument can be used to show that extremal correlators of the form 

{(j)i^{zi)...(f)i^{zn)(j)j{y)) (6.15) 
are also not renormalized^. For this we need the n + 2-point function 

{o{z)(j)iM)-AAznWj{y)) (6-16) 

where 0{z) is a marginal operator written as the descendant of an antichiral primary fl6.9p . 
We then follow the same steps as before. We use the Ward identity for the supercurrent G'^'^ 
by appropriately choosing C,{w) to have the value one at z and zero at y. All the fields at Zi 
do not contribute since they are chiral primaries and they are annihilated by 
n + 2-point function fl6.16p vanishes 

{0{z)<P,M)-AA^nWjH) = 0. (6.17) 

This means that the extremal correlator (16.151) is covariantly constant over the moduli space 
and receives no renormalizations. 

Of course the same argument cannot be applied if we have at the same time two or more 
chiral fields and two or more antichiral fields since then we cannot choose ^ appropriately to 
cancel all contributions. 



6.5 The curvature of chiral primaries 

The chiral ring is a multiplication between chiral primaries. The chiral primaries themselves 
are sections of bundles Vq with nontrivial connections. We showed that the multiplication 
between these bundles 

Cj:Vp®V,^Vp+, (6.18) 

-"^^It might be possible to argue that certain correlators of short multiplets in J\f = (4, 4) SCFTs respect an 
5*0 (4)°"*'^'' selection rule, even though the latter is not a proper symmetry of the full theory, in analogy with 
the "bonus" U{1)y symmetry in A/" = 4 [5], [TU]. From this selection rule the non-renormalization of 3-point 
functions would follow. 

^^We would like to thank R. Gopakumar and S. Minwalla for bringing this point to our attention. 
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is covariantly constant. However this does not mean that the bundles are fiat. In this section 
we want to compute the curvature of the bundles of chiral primaries for M = (4, 4) theories. 

We proceed by using the fact that the J\f = (4, 4) algebra has many inequivalent Af = (2, 2) 
subalgebras. If we consider two marginal operators which are descendants of the (cc) and 
(aa) ring of a specific Af = (2, 2) subalgebra, we can compute the curvature along these 
two directions by using the results of our analysis in section HI Then by varying the chosen 
Af = (2, 2) subalgebra we can effectively scan all (pairs of) directions on the moduli space 
and thus compute the curvature in all directions. 

As we explained in section [STTl to pick an Af = (2, 2) subalgebra of the Af = (4, 4) theory, 
we first need to pick Cartan elements of the 5*0(4)^. Let us take them to be {J^, J )■ Then 
we have the 5*0(4)°"*^'" ambiguity in choosing the super currents. Following [32], [33] we can 
define 

G+(u) = U1G++ + U2G+- 

^ (6.19) 

G'iu) =ulG— + u;G-+ 

for any complex numbers Mi, U2 satisfying |Mip+|'U2p = 1- Then the currents T{z), G^{z), J^{z) 
satisfy the standard Af = 2 superconformal algebra OPEs. We can do the same on the right- 
moving sector where we also have to choose complex numbers ui,U2 satisfying |Mip + |M2p = 1- 
Let us combine all these complex numbers in the symbol U = {ui,U2,Ui,U2)- Now consider 
the marginal operators 

i ^ (6.20) 

0^) = -G+{u)G^{u).J, 

where (pi are (cc) fields and (f)j are (aa) fields. The curvature along any pair of marginal 
operators of this form can be computed from the tt* equations and we have 

[V(w,i), V(w,j)] = [V(i^j), V(i^j)] = 

/ 3 _\ - (6.21) 

[V(w,i), V(wj)] = gqg^a ( 1 - -(g + g) 1 - [C„ G-] 

for all possible Ws and where V{u,i) denotes the covariant derivative with respect to the 
marginal operator Ogj^iy By varying U these equations give us the curvature in all possible 
directions of the moduli space. In other words, if we want to compute the curvature of the 
bundle of chiral primaries along two specific tangent vectors on the moduli space, then there 
is enough freedom to rewrite the curvature operator in those direction as a linear combination 
of the curvature along pairs of vectors where for each pair the factor U is the same and we 
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can use (I6.2ip . Crucial here is the observation that for any Ui and W2, we can always rewrite 
C{W2,j) a linear combination of and 

6.6 Real structure of the chiral ring 

In A/" = (4, 4) theories it is more convenient to use a real basis for the chiral ring. Consider 
the (cc) primaries (pi of charge {q,q)- We can transform them into (aa) fields in two ways. 
First, we can take the hermitian conjugate 

<P^^. = 4 (6-22) 
Second, we can rotate them using the 5'f/(2)^jj x 5'f/(2)^^^j 

1 



T - 



{J-f\r (6.23) 



where T^ ^ is a real normalization factor chosen in such a way that the norm of equals the 
norm of These two procedures generate the same set of (aa) fields, so there must be a 
matrix M relating the two 

Ji = Mfij (6.24) 

where M must satisfy 

MM* = I. (6.25) 
It is convenient to pick a basis (pi, I = 1, ...,n for the (cc) fields in which Mj = 6i. Then 

{<i>i)^ = 7^{j-r'{T-r-<i>j, (6.26) 

In this basis the metric Gjj becomes real, and by a second (real) change of basis we can take 
it to be 5ij 



{M^)<PAw)) = (6.27) 



Moreover, in this basis the chiral ring coefficients are also real 

Notice that since the action of J does not change under parallel transport (since we com- 
puted that the curvature of the currents J* is zero), and also the action of the f on operators 
is unambiguously defined, it means that the choice of a real basis is invariant under parallel 
transport. The bundles Vq of chiral primaries are actually real vector bundles in the case of 
A/" = (4,4) theoriefc. 



^°Notice that when we say "real basis" we do not mean that the operators satisfy 0/ — which 
is impossible for operators of definite nonzero R-charge. Instead what we mean is that in this basis the 
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6.7 Final expression for the curvature 

Now let us consider the tangent space of the moduh space (15. 6p . The holonomy group is 
5*0(4) X SO{n), so it is convenient to pick a vielbein basis where the tangent vectors are 
decomposed as X^^ = X"'^, where a transforms under S0{4) and / under SO{n). These 
tangent vectors correspond to marginal operators, which can be written as descendants of 
chiral primaries of charge (1/2,1/2) as in (15.71) . The index I is associated to the chiral 
primary 0/ of charge (1/2, 1/2) in the real basis described above, while the index a is related 
to the combination of the supercurrents and G ^ that we act with on the chiral primary 
to get the marginal operator. From (16.211) it is easy to see that curvature of the bundle of 
chiral primaries in a real basis has the form 

{R,u)Z = Sat5jj6^, - + ^)) - {CfM^KLC'fp^'''' - hlpC^K5''''Cfj) (6.29) 

where the indices /i = (a, JVz/ = (6, J) denote two tangent directions /i, z/ decomposed into 
their 5*0(4) x SO{n) factor^j- Notice that from R-charge conservation, if the fields M, N have 
charge (g, q) then the sum over K, L in the second term of (I6.29P runs over fields with charge 
[q + 1/2, g + 1/2), while in the third term over fields with charge (g — 1/2, g — 1/2). So the 
curvature of the chiral primaries of given charge is determined by the chiral ring coefficients 
of them with those which are one unit of charge higher and one unit of charge lower. The 
curvature can be written as 

R,u = SabSij (l - + 9)) - SabiCjCj - CjCj) (6.30) 



inner product and the chiral ring coefficients between these operators become real. The actual operators 
remain "complex" , or geometrically the (p, q) differential forms in the target space corresponding to the chiral 
primaries are still complex forms. 

Notice that the first term in the curvature is symmetric in /i, i/, which seems unacceptable for a curvature 
operator. However this term should precisely cancel the symmetric part of the second term, so that the total 
expression for the curvature is actually antisymmetric. Some simple examples of these cancellations were 
seen in section 14.41 While the antisymmetry of the curvature operator is guaranteed from general principles 
(since the connection is compatible with the Zamolodchikov metric) it is not manifest in the form (|6.29p . 
A small check is to consider the trace of the curvature, that is the case I — J. Then we can see from the 
target space point of view that the term (C/Cj — CjC/) is proportional to the commutator [L, A] where the 
operator L is multiplication with the Kahler form and A the adjoint operator. From standard arguments this 
is a commutator of the Lefschetz SU{2) algebra where J"*" = L,J~ = A, J'^ = {q + q — dim(M))/2 where 
dim = c/3 is the complex dimension of the target space and the operators are acting on {q,q) forms. Thus we 
have [L, A] — {q + q— dim(Af ))/2. Then the trace of the second term in (|6.29[) is proportional to the ffi-st term 
up to a factor of c/3. This factor is explained in the following way: we have normalized the 0/, cjjj operators 
so that their 2-point function is (I6.27|l . On the other hand the two point function of the Kahler form should 
be proportional to c/3, as can be seen from the current correlator (J J) ^ c/3. Taking this factor into account 
we find that the trace of 6.29 exactly cancels. 
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Where we have not shown the matrix indices M, N on the curvature operator and it is always 
imphed that /i = (a, J),i/ = {b,J). We will continue to use this condensed notation in the 
rest of this section and hope it will not cause any confusion. 
We remind that for the 3-point functions we have 



VCfj = 0. (6.31) 
6.8 Geometry of the bundles 

Since all the quantities appearing on the right hand side of fl6.29p are covariantly constant, it 
means that the curvature operator is also covariantly constant 

VR^, = 0. (6.32) 

Bundles of covariantly constant curvature over homogeneous spaces, such as the moduli space 
(15.61) . are called homogeneous bundles. It is a mathematical theorem [31] that the connection 
on homogeneous bundles is completely determined by the connection on the tangent bundle 
of the underlying base space, in our case (15.61) . Each homogeneous bundle is characterized 
by a representation TZ of the holonomy group SO {4) x SO{n) and the connection on it is 
the same as that of the tangent bundle but in the representation 7?o. Actually, from the 
expression (I6.30p for the curvature we see from the factor Sab that the SO (4) representation 
is always the trivial one. 

So finally, the geometry of the bundle Vq of chiral primaries of charge q is completely 
characterized by a (possibly reducible) representation TZ of SO{n). To determine the repre- 
sentation we have to consider the SO{n) part of the curvature operator 

{CiCj - CjCj)Z (6.33) 

This has to decompose into representations TZk of SO{n). Then the bundle of chiral primaries 
of charge q is the direct sum of homogeneous bundles corresponding to these representations 



n = E®^^^ (6.34) 



k 

The geometry of each of V-ji^ is completely fixed by the geometry of the coset 

SO{A,n) 
SO{A) X SO{n) 



(6.35) 



^^If L is the vector space that carries the representation TZ then the vector bundle is exphcitly constructed 
as {SO{A,n) x L)/(50(4) x SO{n)). 
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and some basic group theory which is completely independent of the dynamics of the CFT. 
For example, the chiral primaries of charge (1/2, 1/2) always transform in the vector repre- 
sentation of SO{n) and the corresponding bundle V(i/2,i/2) has curvature of the form 

Rtiu = -f6ab^ij (6.36) 

where (S/j)j^ are matrices in the vector representation of the SO{n) algebra, that is they 
satisfy 

l^IJ, ^Kl] = SjK^iL + SiL^jK — SjL^iK — Sjk^jl (6.37) 

and / is a numerical constant which depends on the overall scale of the coset (16.351) . In 
the case of the D1/D5 CFT / is inversely proportional to the central charge of the theory. 
Similarly for a bundle in the representation TZ we have matrices T^fj of the SO{n) algebra 
(I6.37P and the curvature operator Vn is 

R^.u = -fSab^fj. (6.38) 

Notice that from the fact that the marginal operators are descendants of the (1/2, 1/2) chiral 
primaries and using the curvature fl6.36p for these fields and the corresponding curvature for 
the supercurrents we get the following expression for the curvature of the marginal operators 

{R,.t = f {i^MSlj)^K - {Sat)i{^IjfK) (6.39) 

where aab is the vector representation of 5*0(4) and again we use the notation fi = (a, /), z/ = 
(6, J) , K = {c, K) , \ = {d, L). It is easy to recognize that f l6.39p is the curvature of the tangent 
bundle of the coset (I6.35P in a vielbein basis and where / controls the overall size of the 
manifold. 

In practice, if we can compute the curvature operator from the 3-point functions at one 
point of the moduli space then we can find the decomposition of chiral primaries into repre- 
sentations of SO{n) and fix the geometry of the bundles, at least in a neighborhood of the 
point. For example in AdS3/CFT2 such a point could correspond to the orbifold CFT. 

6.9 Example: IIB on K3 

Let us now explain how the previous arguments apply to the case of IIB on AdS^ x x K3. 
This is the near horizon geometry of a bound state of Qi Dl and D5 branes wrapped on 
K3. The boundary conformal field theory is believed to be described by a deformation of a 
supersymmetric sigma model whose target space is the orbifold K3^ /Sn, where N = Q1Q5. 
The moduli space is locally the coset 

50(4,21) 



SO{A) X 50(21) 



(6.40) 



41 



The holonomy of the tangent bundle of the moduh space is SO (4) x SO (21). As we explained 
before, the connection on the vector bundles of the chiral primaries will be associated to that 
of the tangent bundle and in particular to its SO (21) part. So each of these bundles will be 
characterized by a representation TZ of 5*0(21). 

The chiral primary states of this theory can be conveniently encoded in the Poincare 
polynomial^ 

= Tr (^t2Jo^27oj ^g^4^^ 

where the trace is taken over the space of chiral primaries. The chiral primary states are 
related to harmonic forms in the target space and it can be shown that the Poincare polynomial 
equals 

Aj = EW^' (6.42) 

where h^'"^ are the Hodge numbers of the target space. The Hodge numbers of K3 are equal 
to 

1 



1 20 1 (6.43) 

1 

Starting with the single K3, it is possible to compute the Hodge numbers of the resolution of 
K3^ /Sn from the generating function [55] 

Q''Pa{K3''/Sj,) = n n + (-l)^'+«+iQ™tP+™-iF+"^-^) . (6.44) 

Af>0 m=l p,q 

From this expression we can compute the numbers of chiral primaries of given conformal 
dimension in the SCFT. As we mentioned before these numbers agree with the results obtained 
from supergravity. 

Now let us look at the low lying chiral primaries and sketch how they fit into vector bundles 
over the moduli space. For large enough the even Hodge numbers (all odd numbers are 
zero) of the Hilbert scheme K3 / Sn are 



1 22 276 2278 276 22 1 

1 22 254 22 1 ^ ^ ^ 

1 21 1 
1 



^This is in the A/" = 4 conventions where the normaUzation of Jg is half-integral. 
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Let us see how we can represent these chiral primaries in the orbifold CFT language [36] , [37] . 
We introduce bosonic creation operators where n = 1, 2... labels the level of the twisted 
sector and A runs over the Dolbeault cohomology classes of a single i^3. For a given {p,q), 
there are dimH^P'''\K3) operators a^^n'' ■ The general chiral primary can be written as 



M M 



n«-njO), $^n, = iV. (6.46) 



i=l i 

The R-charge of this operator is 



=i ||iV-M + ^p„ iV-M + ^g,j. (6.47) 

There is only one operator of charge (0,0) which we will denote by |A^). It is given by the 
product |A^) = W^^i a°'i|0); clearly, this is to be identified with the identity operator and of 
course there is no holonomy for it. We have a single operator of charge (1,0), which may 
be represented as a^'^jA^ — 1). The operator with charge (0,1) is similarly represented by 
a^2^\N — 1). They correspond to the R-symmetry currents J^, . As we saw in section WA\ 
the holonomy for these operators is also trivial. 



Now we consider the 21 operators of charge (|, |). They are given by the following products 
of creation operators 

20 X aLY^ \N - 1) and 1 x - 2) . (6.48) 

From this we conclude that the operators of charge (|, |) fall into the vector representation 21 
of 50(21)0. The connection of this bundle over the moduli space is the same as the 5*0(21) 
part of the tangent bundle of fl6.40l) . Acting on a each of these states with one left-moving 
and one right-moving supercurrent gives the 4 x 21 = 84 marginal operators. 

At higher conformal dimension, we have to distinguish between single-particle and multi- 
particle chiral primaries. A multi-particle field is given by the product of chiral primaries of 
lower charge, while a single-particle operator is a genuinely new chiral primary appearing at 
the given conformal dimension. For example if we look at the operators of charge (1, 1) we 
have 254 of them. We can have multi-particle states of the form (1/2, 1/2) x (1/2, 1/2) which 
are (21 x 22)/2 in number, or of the form (1,0) x (0, 1), which is one state. So in total we 
have 232 multi-particle operators at this level and 22 single-particle ones. 



^"'Another possibility is that they might be 21 singlets of SO{2\). However we know that we get the marginal 
operators as descendants of these chiral primaries, and the marginal operators transform under 5*0(21), so 
this possibility is excluded. 
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The multi-particle states will obviously fall into tensor product representations of 5*0(21) 
determined by their decomposition into single-particle operators. The corresponding bundles 
are isomorphic to the tensor product of the bundles of their constituents. Hence the new 
information at each level is related to the the bundles of chiral primaries which are single- 
particle operators. 

More generally, for m small enough compared to A^, we have single-particle operators of 
total charge m only when the charge is of the form ^{m, m), i(m + l,m — 1) or i(m — l,m + l). 
The single-particle operators with charge |(m, m) can be represented in the form 

a^^^l^\N -m-1), a^};^^\N -m), a^^^l^\N - m + 1). (6.49) 

so there are 1 + 20 + 1 of them. Our natural guess is that they decompose as 21 + 1 of the 
150(21). In principle we could compute their 4-point function at the orbifold point and check 
whether this is indeed true. For |(m + 1, m — 1) and |(m — 1, m + 1) we have 

a'L^^lN-m), aL°;^^|A^-m) (6.50) 

respectively. They are obviously in the 1 of 5*0(21). 

To summarize, we denote by V21 the unique real vector bundle of rank 21 over the moduli 
space (16.401) whose connection is the same as the 5*0(21) part of the tangent bundle. The 
curvature of this bundle of the form fl6.36p . We denote by Vi the trivial bundle of rank one and 
Vmuiti the tensor product of vector bundles corresponding to the lower conformal dimensions. 
We have the following answer for the geometry of the vector bundle Vp^g of chiral primaries 
of charge {p, q) with p,q> 1 

[ Vmuiti © V21 © Vi, if p = q, 
Vp,g=< V„,uiti©Vi, if p = q + l or q = p+l, (6.51) 

[ Vmuiti, otherwise. 

Interestingly, if we look at the Fock space (16.461) then according to the previous discussion for 
each fixed iV > 1 it should carry a representation of 5*0(21). This representation is certainly 
not manifest. There is an obvious action of 5*0(20) which rotates the with A the 20 
(1, l)-forms into each other and leaves the other q;^„ fixed. The extra operators which extend 
5*0(20) to 5*0(21) must be more complicated. If we also introduce the positive modes of the 
bosons with commutation relations 

[«-„>«m] =^'^n,m / AAB (6.52) 

Notice that we are not careful about the precise hnear combinations that gives us the single- vs multi- 
particle operators since we are only interested in their counting and not the actual operators. 
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then the 5*0 (20) generators can be written as quadratic operators in the modes of the bosons. 
However, the extra S0{21) generators must be at least cubic. It would interesting to construct 
these generators explicitly and study their precise algebraic and geometrical meaninj^ 

Let us also notice that for given m, a single particle operator is a map from the cohomology 
of K3, H*{K3), to the cohomology of the symmetric product H* (Syia^ (K3)) . In section [6. 101 
we will see how the chiral primaries can be identified with operators in the 4-dimensional gauge 
theory, which can also be interpreted as forms on the instanton moduli space. 

6.10 Chiral primaries in 4d gauge theory 

In the previous subsection, the chiral primaries of the 2d sigma model were considered. The 
target space of the sigma model is the moduli space of instantons of 4d gauge theory on 
K3. Therefore, we might expect that the 2d chiral primaries have analogues in the gauge 
theory. Such a connection is potentially interesting since we might be able to learn more about 
the geometry of the chiral ring by the computation of gauge theory quantities like Donaldson 
polynomials. On the other hand, it might be useful for an analysis of the geometry of the 
chiral ring of the superconformal 4d gauge theory, see also Sec. M The gauge theory can be 
obtained by wrapping the D5-brane system on K3, and considering the limit where the 
tj^ical length scale of the is much smaller then the one of K3. In this way one ends up 
with A/" = 4 Yang-Mills theory on K3. 

The correspondence between the 2d and 4d operators can be understood more precisely 
if we recall the representation of Donaldson polynomials in terms of the fields of A/" = 2 
gauge theory in [38]. See also |15j for a discussion of Donaldson polynomials in the context 
of AdS/CFT. Similar to the interpretation of the single particle operators a^^ as differential 
forms on Ai in section 16. 9[ the Donaldson polynomials can be viewed as differential forms 
on Ai. By a comparison of the infinitesimal deformations of an instanton solution and the 
supersymmetry transformations, Ref. [3H] assigns a form degree on Ai to the gauge theory 
fields. This degree corresponds to the charge under a U{1) subgroup of the R-symmetry 
group. The R-symmetry group of A/" = 4 Yang-Mills is SU{A), which can be decomposed as 
SU{2) X SU{2) X f/(l). The charge of a field under the last U{1) provides its form degree 
on At. The field content of the theory is a gauge field A^, six scalars (pi and fermions. Four 
of the scalars and have f/(l)-charge 0, the two other scalars have charge +2 and —2, and 
the fermions have charges +1 or —1. The sixteen supersymmetry generators can be divided 
in two sets of eight, based on their [/(l)-charge ±1. The S'f/(2)-holonomy of K3 preserves 

^^As mentioned before, we believe that a class of correlators of short multiplets may respect an S'0(4)°"*'^'' x 
5*0(21) selection rule as in [9], [10]. It would be interesting to clarify this point. 
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half of the susy generators in both sets. We denote the preserved susy generators by Q^^, 
where ± denotes the [/(l)-charge, a labels the space-time SU{2) which is preserved by the 
K3 holonomy, and I = 1,2. A susy generator with charge +1 plays often a distinguished 
role, namely when it is taken as the generator of a topological symmetry after twisting of the 
theory. 

This also distinguishes the scalar with f/(l)-charge 2 (which we denote by a). This scalar 
is namely annihilated by the susy generators with charge +1, because a field with charge +3 
does not exist. These susy generators are the analogues of the operators G^^^ G^^^^ 
which annihilate the states of the chiral-chiral ring. Among the operators which are the 
analogues of the states in the chiral-chiral ring are thus = Tr (o"™") . These are not all the 
operators which are annihilated by Q^^- As explained in [38], one can construct descendants 
WJJ" of W^, such that dW^J^ ~ {Qt^ , ^k+i}- These forms are given by 

Wq"^ = Tr (a") , = Tr ((T™-i A F) , = Tr (a'"-' A F A F) , (6.53) 

where we have ignored the fermions. Since K3 does not contain odd-dimensional cycles, only 
those descendants are given which are related to even forms. Since acting with Q'^' results 
in a total derivative, the following non-local operators are invariant under Q^^: 



W^, and / W^, (6.54) 

Ai Jk3 

where the Aj form a basis of the 22 two-cycles of K3. Since F is a zero- form on Ai and cr a 
two-form, these operators are respectively 2m — 2, and 2m — 4 forms on Ai. 

We have now constructed the set of operators, which are dual to the operators a^^. E.g. 
the operators in Eqn. f l6.48p together with the currents and J have total charge 1, and 
are thus two-forms on At. These operators correspond to integrated descendants of Tr(cr^) 
and Tr(cr'^). They are explicitly given by 



22 X / W^, and 1 X / W^. (6.55) 

JAi Jk3 

These are therefore the counter parts of the 23 chiral primaries with total charge 1 in Sec. 
16. 9[ It is conceivable that the two-cycles Aj, whose Poincare dual is a (1, l)-form, correspond 
to the 20 operators in (16.481) . We can easily go further and include the chiral primaries with 
larger charges. The single particle operators with total charge m in section 16.91 correspond 
to 2m-forms on Ai. These 2m-forms on Ai correspond to the appropriate descendants of 
Tr(a'"), Tr(a™+i) and Tr(a'"+2), namely 

Ix W^, 22 X [ W^+\ and Ix [ W^+^ (6.56) 

JAi Jk3 
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Thus we have shown above that the chiral primaries of 2d CFT can be identified with operators 
in AA = 4 Yang-Mills. The marginal operators in Sec. 16.91 are obtained by acting with the 
operators ^"^^2 ^-^2- These operators correspond in the gauge theory to the generators 
with f/(l)-charge —1. As mentioned before, we can also identify the gauge theory chiral 
primaries in terms of a^\. For example, the operator Tr(cr^), mentioned in section [9] as the 
gauge theory chiral primary, which has as descendant a marginal operator, corresponds to 

(2,2) 

7 Attractor mechanism and RG-flow 

One of our original motivations for studying the moduli dependence of the chiral ring in 
A/" = (4, 4) theories, was its possible relevance for the analysis of the connection between the 
attractor fiow in supergravity and RG-fiow in the dual field theory. The attractor mechanism 
is usually studied in the case of 4-dimensional extremal black holes, but more generally it 
also appears for extremal branes of other dimensionalities. The attractor mechanism is a 
consequence of the extremality of the brane and not of supersymmetry |39] , [IQ] , [H] , however 
it is technically easier to study in the supersymmetric case. To keep our discussion simple, we 
will only consider the cases of spherically symmetric fiows and will ignore all subtleties related 
to multiple attractor points, walls of marginal stability and split-fiows. Obviously it would 
be extremely interesting to understand such phenomena from the RG-fiow point of view but 
this is beyond the scope of our simple analysis. 

7.1 The attractor mechanism 

Consider a supergravity theory in D dimensions with a moduli space J^sugra in which the 
massless scalar fields take values. We pick coordinates z on Aisugra- The metric on the 
moduli space is gab{z). We assume that the theory admits BPS p-brane solutions, charged 
under {p + 2)-form field strengths. The charge F of these branes takes values in a lattice A. 
A very useful quantity is the spacetime central charge of the brane 

Z{T,z) (7.1) 

which is determined by the supersymmetry algebraic and is a function of the charge vector 
F and the position on the moduli space z. If we call z°° the values of the moduli at infinity, 
then the ADM mass/tension of the black brane in D-dimensional Planck units is equal to 

Madm = \Z{T,z'^)\ (7.2) 
^^For simplicity we assume that there is only one complex central charge. 
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In the supergravity solution the moduh z evolve radially reaching constant values z* near the 
horizon. The value z* depends only on the charge F of the brane and not on the values of 
the moduli at infinity z°° . This is the attractor mechanism. The condition for z* to be an 
attractor point is that is minimizes the central charge Z 



d\Z\ 



(7.3) 



dz^ ' 

For every charge vector F G A, there is a submanifold of solutions of (17. 3p 

-^:£ra e Msugra (7.4) 
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The 



of attractor points, that we call the attractor submanifold for the charge vector F, 
radial evolution of the moduli from their value z'^ at infinity to z* at the horizon is governed 
by the attractor flow. 

For example, for a spherically symmetric 4d black hole in A/" = 2 supergravity we have the 
ansatz 

ds^ = -e^^i^Ut^ + e-^^^'-) {dr^ + r^dnj) (7.5) 

For supersymmetric solutions we can write first order flow equations for U{r), 2;"(r). It is more 
convenient to work with the coordinate r = 1/r. This leads to the following flow equations 

U = -e^\Z\ 

(7.6) 

Similar relations hold for black branes of higher dimensionality. 
7.2 Relation to RG-flow 

The attractor black holes discussed in the previous section can be realized in string theory by 
bound states of D-branes. In this description the D-branes are placed in a fiat background 
space, where the values of the scalar moduli are equal to their asymptotic values The 
supergravity solution arises after backreaction and then we see the attractor mechanism in the 
radial evolution of the moduli. We want to understand what is the meaning of the attractor 
mechanism in the original D-brane picture. 

The open string excitations on the worldvolume of the D-branes can be described in an 
appropriate regime by an effective quantum field theory. The background values of the 



^^Usually we speak of attractor points and not submanifolds, however even in the famihar case of black 
holes in 4d A/" = 2 theories, the vector multiplets are fixed by the attractor mechanism to isolated points, 
while the hypermultiplets can take any value. In this case Msugra = Myector x Mhyper and the attractor 
submanifold will be J^lugra — {p} ^ Mhyper, where {p} € Myector is the attractor point for the charge T. 
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closed string moduli enter the worldvolume theory in the form of coupling constants. We will 
call the set of parameters of the effective field theory on the branes AigpT, which we will 
(loosely) identify with Aisugra- The supergravity description of the same system has an AdS 
throat in the near horizon region, which indicates that the worldvolume theory flows to a 
conformal field theory in the IR. Moreover, in the near horizon region the moduli reach their 
attractor values z*. 

This suggests that the IR fixed point of the worldvolume theory only knows about the 
attractor values of the moduli, hence the moduli space AicFT of the conformal field theory 
has to be identified with the attractor sub manifold M*sugra supergravity. In other words if 
we flow to the IR, the number of parameters of the worldvolume theory is generally reduced 
leaving us with AicFT C M.qft- It is reasonable to assume that the way in which the 
UV coupling constants on the D-brane theory transform into the effective IR ones is by 
renormalization group flow. In this sense the D-brane theory sees the attractor mechanism 
as RG-flow on its worldvolume. Then it is natural to expect that the attractor flow equations 
(17.61) will play the role of RG-flow equations in the space of effective coupling constants of the 
D-brane theory. 

The RG-flow of the worldvolume theory is governed by the (3 functions, which describe the 
flow of the coupling constants as a function of the energy scale. More precisely the (3 functions 
correspond to a vector field on the space of parameters of the theory M.qft- The flow lines of 
this field give RG-flow orbits which, for the class of the theories we are considering, approach 
conformal fixed points at low energies where /? = 0. The set of these points constitute the 
moduli space M.cft oi conformal theories inside the bigger space M.qft oi effective quantum 
field theories. Similarly the attractor flow equations (17.61) describe the radial flow of the 
moduli in gravity from J^sugra to the submanifold M^ugra- The two pictures are consistent if 
we accept the usual AdS/CFT intuition that the radial direction corresponds to the energy 
scale. The statement that more than one value of the moduli at infinity flow to the same 
value near the horizon is related to the fact that more than one UV quantum field theories 
can flow to the same IR fixed point. 

It would certainly be very interesting to understand this connection in more detail, however 
making this intuitive picture more precise is not straightforward. Besides the fact that the 
worldvolume theory is generally strongly coupled, there is an important conceptual difficulty, 
that away from the conformal point in the IR, i.e. away from the strict a' ^ limit, the 
theory on the branes is not decoupled from the closed string modes in the bulk. 

While the absence of a decoupling limit may be a serious obstacle for a precise formulation 
of the attractor flow/RG-flow relation it should be possible to work in a perturbative expansion 
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around the conformal point, i.e. to first order away from tlie a' — > limit. Tliere it sliould be 
possible to study the relation between attractor flow and RG-flow reliably. In the rest of this 
section we will only consider the first order flow and leave the more difficult study of finite 
flows for future work. 

Our goal is to start from the conformal point and consider a first-order perturbation 
towards the UV. At the conformal point we have the AdS/CFT duality between the AdS 
factor of the near horizon geometry and the conformal IR fixed point of the D-brane theory. 
To see the attractor mechanism we have to flow from the near horizon geometry towards 
asymptotic infinity. In the boundary theory this means that we have to study the IR conformal 
field theory perturbed by irrelevant operators (see for a similar discussion in the case of 
AdS5/CFT4). Perturbing a field theory by irrelevant operators is dangerous since it drastically 
modifies its UV behavior. However, since we are only interested in the first order flow away 
from the fixed point we will treat the conformal field theory perturbed by irrelevant operators 
as an effective field theory and study RG-flow in the Wilsonian sense, even though we do not 
have a UV completion of the theory. 

In supergravity the entire attractor flow solution preserves the same amount of supersym- 
metry and spherical symmetry as the near horizon geometrjQ so on the boundary theory we 
will only consider perturbations by irrelevant operators which do not break the supersymme- 
try and R-symmetry of the CFT but only conformal invariance. As we will see in our toy 
model, this constrains the number of allowed irrelevant operators to a finite set. 

Now we would like to make more precise the statement that the attractor flow and RG- 
flow agree to first order away from the fixed point. As we can see in figure [1] this means 
that the structure of the flow on the two sides should be the same in a neighborhood of the 
fixed submanifolds -Mcft, ■M*sugra- The "zeroth-order" matching of the two sides relates the 
geometry of the fixed submanifolds. This is a consequence of the AdS/CFT correspondence 
between the near horizon geometry of the extremal brane and the conformal field theory in 
the IR of the D-brane theory. So, at least locally, we must havqf^ 

^:i.a = McFT (7.7) 

This is statement about the dimensionality as well as the geometry of the two manifolds. The 



Except for the extra supercharges that we get in the AdS region which are dual to the superconformal 
generators in the CFT. 

■^°This has been demonstrated in the case of AdS3/CFT2 with 16 supercharges. It would be interesting 
to prove the same statement for the (0,4) MSW theory or even for 4d black holes. A naive approach would 
suggest that the moduli space of of the "superconformal quantum mechanics" on the D-branes should be 
related to the attractor submanifold, which in this case coincides with the hypermultiplet moduli space. We 
hope to address this question in the future. 
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metric on A^^ugra is fixed by the metric gab on the moduh space A4 sugra, but see also footnote 
(jlj). The metric on AicFT is determined by the Zamolodchikov metric of marginal operators 
in the CFT, which correspond to tangent vectors on M.cft- 

The next step is to consider the first order fiow towards the UV. For the two sides to be in 
agreement, the number of allowed irrelevant operators must be the same as the codimension 
of the attractor submanifold inside the full moduli space of supergravity-which is equal to 
the number of fixed moduli. Also the conformal dimension of the irrelevant operators must 
be related to the mass of the fixed moduli in the near horizon geometry by the standard 
mass/conformal dimension relation in AdS/CFT. 

Moreover, the identification between the attractor fiow and RG-fiow suggests that there 
should be a relation between the two parameter spaces, not only on the fixed submanifolds 
but also away from them, at least to first order. A way to state this more precisely is that 
the normal bundle N sugra of the attractor submanifold J^*sugra inside M. sugra should have the 
same structure as the normal bundle Ncft oi M.cft in A^qft 

■M'sugra = McFT (7.8) 

The geometry of the bundle Mcft encodes how the CFT can be perturbed by irrelevant opera- 
tors (which preserve certain symmetries). Its geometry is characterized by the Zamolodchikov 
metric and the connection for the irrelevant operators in the CFT. Notice that the identi- 
fication (17. 8p of the normal bundles requires not only a matching of their ranks, which is 
guaranteed if the number of irrelevant operators is the same as the number of fixed moduli, 
but also a matching of the connections on the two bundles. The connection on Msugra is easily 
computable if we know how J^l^gra is embedded in sugra, while the connection on Ncft 
in the CFT equals the connection for the irrelevant operators over the moduli space as was 
explained in section [3l 

These three conditions, identification of moduli spaces (17.7p . of number /dimension of 
irrelevant operators to number/mass of fixed moduli, and identification of the normal bundles 
(17.81) is enough to guarantee the identification of attractor fiow to RG-fiow to first order away 
from the conformal fixed point. As we see all these quantities can be computed within the 
CFT, so unless we want to go to higher orders in perturbation theory, we do not have to 
worry about ^e UV completion of the theory and issues related to the decoupling of closed 
string mode 



■^^We would like to emphasize that we are not proposing that there is a well defined UV point for the CFT 
perturbed by irrelevant operators. If such a theory existed, it would be dual to asymptotically flat string 
theory. Instead we are treating the theory living on the branes as an effective field theory near the IR fixed 
point and consider Wilsonian RG fiow towards the IR. We find that it is very constrained since there are only 
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Msugra = 7T7T7^V^7TT7^/'50(5, 21, Z) (7.9) 



7.3 The D1/D5 system 

The simplest system where we could try to check the attractor flow/RG-flow connnection is 
the D1/D5 bound statef^. We start with IIB compactified on K3. This leads to chiral (2, 0) 
supergravity in 6 dimensions [l3j, whose moduli space is 

gO(5,21) 
S0{5) X S0{21)' 

This moduli space corresponds to the geometric moduli of K3, the NS and RR potentials and 
the dilaton. 

Six dimensional supergravity admits BPS black string solutions preserving 8 supercharges, 
charged under the 3-form field strengths. These solutions correspond to bound states of 
D5/NS5 branes wrapping the entire K3, D3 branes wrapping 2-cycles of K3 and Fl/Dl 
strings. The charges of the black strings take values in the lattice F^'^^. The discrete U- 
duahty group 5*0(5, 21, Z) of the theory is equal to the automorphism group of the charge 
lattice. For any primitive lattice vector, there is always a U-duality transformation that 
can rotate it into a bound state of only Dl and D5 branes. The charge lattice F^'^^ can 
be embedded inside the vector space W = MP'"^^. Each point z on the moduli space (17.91) 
corresponds to a decomposition into positive and negative subspaces = © VI, so the 
moduli space of supergravity can be understood as the space of positive 5-planes inside M^'^^. 

For a given charge vector F and given position on the moduli space we decompose F = 
F_|_ + F_ where r± G V±. It can be shown that the central charge, or tension, of the black 
string is 

Z{T,z) = \T+\ (7.10) 

Taking into account that 

|F|2 = |F+|2- |F_|2 (7.11) 

is independent of the moduli z, we see that \Z\ is minimized when F_ = 0. This is equivalent 

to the set of positive 5-planes containing the vector F. It is not difficult to see that this 

attractor submanifold has locally the structure of the coset 

, ^ 50(4,21) 
'"f™ S0(4) X S0(21) ' ' 



a finite number of irrelevant operators allowed by the symmetries. We claim that this self-consistent flow to 
the fixed point should be related to the attractor flow. 

^^It would be very interesting to study 4-dimensional black holes in A/" = 2 supergravity, where the attractor 
mechanism has a richer structure. In this case the near horizon geometry of an extremal black hole is 74^5*2 x . 
Unfortunately, the field theory side is not well understood. In general we would expect a + 1 dimensional 
theory which would flow in the 'IR' to some kind of superconformal quantum mechanics, leading to an 
AdS2/CFTi duality. Since the precise meaning of the latter is still mysterious, even at the fixed point, it 
seems difficult to study the flow towards the fixed point with present technology. 
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The precise way in which this submanifold is embedded in the bigger space ( 17.9P depends on 
the charge vector F and can be easily determined using for example the analysis of p!5]. 

The theory living on the branes is a 2-dimensional effective field theory, which flows in the 
IR to a 2d CFT with M = (4, 4) supersymmetry. The supergravity attractor flow towards 
the AdSs throat should be dual to an RG flow of a 2d effective field theory towards a 2d CFT 
in the IR, at least near the fixed point. In other words, the theory on the brane, seen as an 
effective low energy theory, is a 2d CFT perturbed by irrelevant operators. The RG flow of 
this theory should be dual to the attractor flow in supergravity. 

As we explained in the previous subsection, if we want to check this correspondence to 
first order we have to check three conditions. The fact that the moduli spaces in the IR are 
the same is a well known result pIS], where we recognize that the space (17.121) is of the general 
form of the moduli space of A/" = (4,4) superconformal field theories (15.61) . So the condition 
(17.71) is satisfied. 

Let us now consider the second condition, which is the matching of the fixed moduli to 
the irrelevant operators which preserve the supersymmetry and R-symmetry. We want to 
perturb the CFT by irrelevant operators which do not break the A/" = (4, 4) supersymmetry, 
but only the conformal invariance. Also we do not want to break the 5*0(4)'^ symmetry, which 
corresponds to the spherical symmetry around the black string. This question was discussed 
in [44], [45]. With these restrictions, as we explained in section [531 using the representation 
theory of the A/" = (4, 4) algebra, the only candidate irrelevant operators are the descendants 
of chiral primaries 0/ of charge (1, 1). By acting with two supercurrents on each side we get 
5*0(4)'^ neutral operators of conformal dimension (2,2) of the form 

$/ = G'_]72'^-i/2^-i/2^-i/2 ■ (7-13) 

These are the only irrelevant operators preserving the A/" = (4, 4) structure and which are 
S0{4:)^ singlets. In the notation of section [6l9] they can be written as 

20 X ai^^^) \N - 2) and 1 x a^^f^ \N - 3) and 1 x a^^^ \N - I) . (7.14) 

The fact that the single-particle operators of this form are in one-to-one correspondence 
with the fixed moduli was already noted in [37]. There are 21+1 of them corresponding to 
the 21 fixed moduli of supergravity and the size of the 3-sphere. It is easy to check that the 
relation between masses and conformal dimension is correct. 

These irrelevant operators are sections of a vector bundle as described in section [31 At 
the same time they describe motion away from the moduli space of conformal field theories 
J^cFT into the bigger space J^qft of A/" = (4,4) quantum field theories. In this sense the 
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bundle of the operators ( 17.14P is isomorphic the normal bundle Mcft oi M.cft inside J^qft- 
The connection on this bundle can be determined by the results of the previous sections about 
the connection for the chiral primaries and the supercurrents. It is not difficult to see that 
we have the following result 

UcFT = V21 © Vi (7.15) 

Now from the supergravity side we have to compute the normal bundle of (17.121) inside (17. 9p . 
It is easy to see that it is exactly the same bundle V21. If we add to it one more direction 
corresponding to increasing the size of the 3-sphere we have 

Kugra = V21 © Vi (7.16) 

So we find precise agreement between the two normal bundles, showing that the last condition 
(17.81) is also satisfieco. This shows that to first order away from the fixed point the attractor 
flow agrees with RG-flow on the boundary. 



7.4 Finite flows 

A natural question is whether we can extend the previous arguments to higher orders in 
perturbation theory towards the UV. As we explained before it is hard to give a precise UV 
completion of the CFT perturbed by irrelevant operators, which is related to the absence 
of decoupling between open and closed strings away from the a' ^ limit. Despite these 
problems let us describe briefly what the full attractor flow for the D1/D5 system looks like 
on the supergravity side. These solutions where discussed in detail in ^6] . 
The metric has the form 

ds^ = e2^M(-dt2 + dx') + e-2^W(dr2 + r'dnl) (7.17) 

We take the moduli at infinity to be at a general point z°° G Aisugra, which corresponds to a 
specific orientation of the positive 5-plane inside the space M^'^^. We also choose a charge 
vector r, which does not generally lie inside V^. As we move towards the black string the 
orientation of the 5-plane will change and at the attractor point it will be such that F G V^. 
To fully specify the solution we need to determine the function U{r) and the orientation of 
the 5-plane as a function of the radius V+(r). 

It turns out that the solutions are very simple. We decompose the charge vector F into its 
projections on the positive and negative subspaces at infinity which gives two vectors F^ G 

•^•^We should emphasize that the agreement between equations (I7.15p . (|7.16p does not only refer to the rank 
of the bundles but to the full geometry of the bundle over the moduli space. 
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]^5,2i^ These two vectors define a fixed 2-plane K inside M^'^^. Now, the radial dependence of 
the orientation of the 5-plane V"+(r) is given the action of an S'0(5, 21) boost Bk{iP) along the 
constant 2-plane which is rotating the T~ component into the r+ and with r-dependent 
rapidity ipir). So we have 

V+{r) = BM-V^ (7.18) 

where at infinity we must have ip{oo) = to satisfy the boundary conditions, while near the 
horizon if) must take a value such that F G y+ to satisfy the attractor condition T~ = 0. All 
the information about the solution is contained in the two functions U{r) and ilj{r). In units 
where the 6d Planck length is one, the two functions are 



|r+ 1 




poo 


_j_ ^2 


|r+ 


1 + 


poo 


_|_ j,2 



(7.19) 



From these one can reconstruct the full solution, including the radial dependence of F-i-(r) 
and of the 3-form field strengths following the detailed analysis in [46]. As an easy check 
we can see that the ADM mass of this solution is indeed proportional to |F^| as expected 
from (17.101) . while in the near horizon region we get an AdSs throat of size proportional to 
|F| = ^|r^|2 _ |F^|2, which is independent of the value of the moduli at infinity. 

Notice that the motion on the moduli space Aisugra from z°° to z* G M*sugra is rather 
simple and given by the action of a one-parameter group of 50(5,21) Lorentz boosts along 
a constant 2-plane fl7.18p . We take the simplicity of the solution as an indication that the 
corresponding RG-fiow, appropriately interpreted, at finite scales might be also simple. 

One approach would be to try to apply tt* inspired arguments away from the conformal 
point. As we saw, the set of irrelevant operators preserving the A/" = (4,4) supersymmetry 
is finite, so it is not totally inconceivable that by generalizing the tt* formalism we might be 
able to find RG-fiow orbits in this restricted subset of parameters. Ideally we would like to 
reproduce the full moduh space (17. 9p from the perturbed J\f = (4, 4) and the attractor flows 
described above. The tt* formalism has already been used in theories away from criticality. 
The reason that we cannot apply the standard tt* arguments directly to our system is that 
the irrelevant operators that we are perturbing by are of the form (I7.13p . The tt* formalism is 
based on the Af = (2, 2) algebra. From an Af = (2, 2) point of view, the operators (I7.13P are 
not F-term perturbations, since they involve too many super cur rents, which are not visible 
in a single Af = (2,2) subalgebra, and naively should not be protected. It is the underlying 
Af = (4, 4) which protects these operators. It would be very interesting to generalize the tt* 
framework for perturbations of this form in A/" = (4, 4) theories. 
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Another way to study finite flows away from the conformal fixed point would be to go to 
higher orders in conformal perturbation theory. Since we have included all irrelevant operators 
that preserve M = (4, 4) supersymmetry, in a scheme in which these supersymmetries are 
preserved no further irrelevant operators should be generated in the effective action, as these 
would necessarily break some of the supersymmetries. Therefore, in such a scheme all the 
conformal perturbation theory would do is to generate a non-trivial scale dependence of the 
irrelevant couplings. One can imagine that the latter may eventually be related to the rather 
simple form of the flow solution ( 17. 19^ and it would be interesting to explore this further. 

7.5 A decoupling limit and 6d gauge theory 

Finally, let us mention that certain orbits of the attractor flow can be embedded in a boundary 
theory with an honest decoupling limit in the following way, which was also described in [47] . 
Consider IIB compactified on K3 of volume Vk3 = va'"^ with v dimensionless, and a bound 
state of D1/D5 branes. The D1/D5 solution is 



ds' = Z-^'^Z-^/\-de + dx^) + Zl'^Zl'\dr^ + r^dnl) + Zl^^ Z'^'^V^a'dsl 
y QsQia'/v (7.20) 

^1 — -L H 

^5 — -L H 

where ds]^^, is the metric of a of unit volume. The standard decoupling limit which leads 
to AdS3/CFT2 is a' ^ keeping gs,v constant. Instead we consider the decoupling limit 
corresponding to a D5 brane in fiat space 

T 

a' 0, gsd' = Qym = const, Vk^ = va'"^ = const, U = — = const. (7.21) 

a' 

In this limit we do have a decoupling of the open and closed modes. Also, the +1 drops out 
of the harmonic function Z^ but not Zi 

The decoupled supergravity solution takes the form 



a' 



._Z-"\-de + dx^) + V^yMVs^i ^^^2 ^ ^2^^2) ^ ^ Zl'^^.ds 



\J 9ymQ5 ^ V 9ymQz 



2 

K3^ 



,20 _ 

9ymU' ry 



(7.23) 
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It is easy to see that this is asymptotically locally the same as the decoupling limit of the D5 
brane in flat space, but the global structure is M^'^ x K3. The dilaton blows up at infinity 
but we can S-dualize to the NS5 brane solution which is well behaved there. As we move 
towards the IR the size of the K3 shrinks and reaches a stringy size fixed by the attractor 
mechanism, while the rest of the geometry becomes AdSsX S^. From the point of view of our 
general solution fl7.19p this corresponds to scaling — > cxd in such a way that the +1 in the 
second harmonic function in the expression for e"^^*^^-* can be dropped but not in the first. 

Holographically in the UV we start with the 5+1 dimensional NS5 brane (1, 1) little string 
theory living on Ri'i X K3. Below energy scales of the order {gY&i) ^ the theory can be well 
described by 5+1 SYM on R^'^ x K3. At energies below (Vks) ^'^ we can integrate out the 
K3 modes and end up with the 2-dimensional D1/D5 SOFT in the IR. Along this RG-fiow 
between a 5+1 and a 1+1 theory the scalar moduli flow and get fixed values by the attractor 
mechanism. So in principle the RG flow between 5+1 dimensional SYM on M^'i X K3 and the 
2d CFT in the IR should contain a holographic description of the attractor mechanism for this 
simple system, at least for some attractor flows. This is hard to study in general but it would 
be intersecting to see if it is possible to truncate the RG-flow to the BPS sector of the system, 
by identifying the operators in the gauge theory which flow to the chiral primaries in the 
IR and studying the supersymmetric sector of the RG-flow. We identified the corresponding 
operators in section 16.101 but leave the study of the boundary RG-flow for future work. 

8 Black Hole Berry phase 

Finally we would like to mention one more application of our analysis. We have computed 
the connection for the chiral primary operators in the NS sector of the M = (4,4) D1/D5 
SCFT. By spectral flow the chiral primaries are related to Ramond ground states. This means 
that we know the exact connection for the vector bundle of Ramond ground states over the 
moduli space of the theory. In spacetime the Ramond ground states correspond to quantum 
microstates of a bound state of Dl and D5 branes, wrapped around x K3, which is a small 
black hole in 5d. The connection on the bundle of chiral primaries is telling us how different 
microstates of the black hole mix as we move on the moduli space. This is is a version of the 
(nonabelian) Berry phase [I8],[l9] for the internal states of the black hole, under adiabatic 
change of the moduli of the compactification. In principle, this exactly computable holonomy 
would allow one to set up interference experiments sensitive to the internal microstate of the 
black hole. Obviously preparing a black hole in a pure state in practice would be highly 
challenging. It would be interesting to explore the implications of this phenomenon in more 
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detail, we hope to report on it in the future. 

Other systems in string theory where Berry's phase appears and has interesting interpre- 
tation have been studied recently (SO] , [51] , • 

9 Summary and further directions 

The main technical point of this paper was the analysis of the moduli dependence of the chiral 
ring for M = (4, 4) superconformal field theories. It was based on an application of the tt* 
equations which we derivec0 from general principles of conformal perturbation theory and 
not relying on the topological twisting. This derivation clarifies the connection between the 
work based on topological-antitopological fusion [3],[1] and that on standard CFT arguments 
|24j . |25j . The main result is that for A/" = (4, 4) theories the chiral ring is covariantly constant 
over the moduli space. We found that the bundles of chiral primaries are constrained to be 
homogeneous bundles, whose curvature is exactly computable. 

In the case of AdS3/CFT2 our results imply a non-renormalization theorem for 3-point 
functions of chiral primaries and more general extremal correlators, even at finite values of 
A^. This explains the agreement found in [5], [6], [7j, [8]. To gain a better understanding 
of the relation between different points on the moduli space it would be useful to clarify the 
global structure of the moduli space of the SCFT and possible monodromies of the chiral ring 
around singularities. 

The connection for the chiral primaries that we computed in this paper can be used to 
demonstrate agreement between the attractor flow and RG-flow in the vicinity of the fixed 
point, in the simple case of an infinite D1/D5 black string. It would be interesting to extend 
this analysis to finite order away from the fixed point, for example under the flow by the 
irrelevant operators mentioned in the text which do not break the Af = (4, 4) supersymmetry. 
This is a finite set of operators so it might be possible to find constrained self-consistent flows 
towards the UV related to the attractor flows in supergravity. In particular, since we are in 
a certain sense studying the BPS sector of the theory, we might hope to reconstruct the full 
geometry of the supergravity moduli space (17.91) from the geometry of the field theory moduli 
space away from criticality. 

An obvious generalization would be to set up a similar analysis for systems with less 
supersymmetry. One example is the A/" = (0, 4) MSW superconformal field theory which 
appears on the worldvolume of an M5 brane wrapping a four-cycle in a Calabi-Yau manifold 
|16j . The five- dimensional supergravity solution has an AdSsxS^ near horizon geometry and 

^^Of course the original derivation is more general, it also works for non-conformal A/" = (2, 2) theories. 
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has a more interesting attractor flow towards the fixed point. One could try to identify the 
constraints from supersymmetry on the structure of the moduli spaces and the chiral ring. 
Moreover, this theory has a very interesting set of supergravity solutions [23] corresponding 
to multi-centered black holes which can be constructed by perturbing the theory towards the 
IR. It would be nice to see if the structure found from supergravity can be reproduced in any 
sense from the RG-fiow in the boundary theory. 

Four- dimensional black holes in A/" = 2 supergravity provide another interesting example 
where a suitable extension of our results might be obtainable. In this case the theory on the 
branes should fiow to "superconformal quantum mechanics" which would be the boundary 
side of AdS2/CFTi. This conjectured duality has not been fully understood so it is not 
straightforward to make progress in this direction. 

It would also be interesting to understand how to formulate the computation of Berry's 
phase for the microstates of other supersymmetric black holes. Again the A/" = 2 4d case 
would be most interesting, but difficult for the reasons mentioned in the previous paragraph. 
It might be interesting to see if anything can be said about states in the D1-D5 system which 
are of the form chiral primary- anything, corresponding to D1-D5-P microstates. It is not 
clear if the holonomy for such states is sufficiently constrained by supersymmetry, but as 
these would correspond to microstates of a 5d black hole with a macroscopic horizon they are 
worthwhile to investigate. 

Finally let us mention another direction which might be interesting to explore further. 
While the connection for chiral primaries over the moduli space has been studied in detail for 
the case of 2d superconformal field theories, the same analysis has not been performed for 
their higher dimensional analogues. More precisely, one could try to study the connection for 
the operators in the chiral ring of 4d superconformal gauge theories. In particular it would 
be interesting to see if there is any way of deriving equations similar to tt* for 4 dimensional 
theories, expressing the curvature of the bundle of chiral primaries in terms of the chiral ring 
coefficients. If such relations exist, they may lead to interesting constraints for the Kahler 
metric on the moduli space of A/" = 1 SCFTs and they may be useful for the analysis of 
aspects of Seiberg duality in A/" = 1 theories. 

Let us close with a simple observation in this direction. Consider four dimensional A/" = 4 
SU{N) SYM at the superconformal point, whose R-symmetry is 5*0(6). This theory is not 
an isolated conformal field theory since we can continuously vary the coupling t = ^ + 
without breaking conformal invariance. Its moduli space M. is the upper half-plane modded 
out by the action of a certain subgroup of the SL{2, Z) duality group. Operators in short 
representations can be constructed starting with a holomorphic combination of two of the 
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six real scalars of the theory, say Z = $^ + and then considering operators of the form 
TtZ^ and their products. By acting on these operators with the supercharges and momentum 
generators we can construct the full superconformal multiplet. Motion along A4 is generated 
by marginal operators which in four dimensions have conformal dimension 4. In A/" = 4 these 
marginal operators can be written as descendants of chiral primaries in the form 

O = Q^TiZ^ (9.1) 

This is a complex operator whose real and imaginary parts express the coupling of the La- 
grangian density to -^j— and 9 respectively. In components 

9ym 

O ~ Ti{Fl,) + ^Tr(F A F) + ... (9.2) 

The metric on the moduli space M. is given by the following expression 

1 

(Imr)^ 

and is related to the 2-point function 



ds = QT-^drdr ~ — —drdr (9.3) 



^^^'^^^y^^ = (9-4) 

The important point is that this metric is not fiat. Hence the tangent bundle TAi has nonzero 
curvature. The marginal operators (19. ip correspond to tangent vectors on Ai. Then under 
parallel transport on the moduli space the marginal operators will mix as 

O e'^O, O e-'^^O (9.5) 

where the angle x is exactly computable from the geometry of the moduli space (19.31) . From 
(19.11) we see that the marginal operators are sections of a bundle which is the tensor product 
of the bundle of the supercharges and the bundle whose fiber is generated by the chiral 
primary TtZ^. As in the two-dimensional case, we expect that the 5*0(6) R-symmetry is 
covariantly constant over the moduli space A4. Then the chiral primary TiZ^ cannot get a 
phase under parallel transport. Thus we learn that the phase (19.51) is coming from a mixing 
of the supercharges which corresponds to a rotation under the U{1) outer automorphism of 
the J\f = 4: algebra in 4d f^l- This mixing is exactly computable at all values of the coupling 
from the geometry of the moduli space. In this case it seems that we only have curvature for 
the supercharges and not the chiral primaries 



^^This is the U(1)y "bonus symmetry" discussed in 

^^We do however have curvature for the descendants of the chiral primaries due to the curvature of the 
supercharges. 
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It would be interesting to explore the constraints from supersymmetry on the geometry of 
the chiral ring over the moduli space for other four dimensional superconformal field theories, 
with less supersymmetry or for other operators in short multiplets such as the 1/16 BPS 
operators in = 4. 
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A The superconformal algebra 

A.l The J\f = 2 superconformal algebra 

The J\f — 2 algebra has the form 

[z — w)^ [z — wy z — w 

{z — wy 

T{z)J{w) = , ^ + + ... 

[z — wy z — w 

2c/3 2J{w) 2T{w) + dJjw) 

G [z)G [w) ^ + 7 H 

[z — wy^ [z — wj^ z — w 

2{z — wy z — w 

J(.)G^H = ±^ + ... 

z — w 



and 



(A.l) 



T^^T, f^J, (G±)t = G'^ (A.2) 
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We define the modes 

2m J 



Gf^—i z'+^/^G^{z)dz (A.3) 
2m J 

and we have the commutation relations 

[Lm, Ln] = (m - n)Lm+n + ^rn{m^ - 1) 5m+n,0 

\Jmi Jn\ 2^ '^m+n,0 
\Limi J'ri\ ^Jm+n 

{G-, at) - 2Lr+s - (r - s)Jr+s + ^(^' - 1/4) 5r+sfi ^^'^^ 

[L^,G'±] = (m/2-r)G±+, 

\Jm-i Gj. ] = lbG^_|_j. 

where r, s is half-integer in the NS sector and integer in the R sector, and have the following 
hermiticity conditions 

(L^)t = L_^, (J^)t = J_^, = Gf, (A.5) 

A. 2 The Af = 4 superconformal algebra 

In the small A/" = 4 algebra the bosonic currents are T{z), J'^{z),i = 1,2,3 and the super- 
currents G^~^{z) and G^^{z). The central charge and the level are related hy c — 6k. The 
algebra has the following form 

T( \T( \ ^ ^ dT{w) 

T[z)T[w) = ^ + ^ + + ... 

[z — w)^ [z — w)^ z — w 

2 [z — wY z — w 

T{z)J\w) = , ^ \^ + ^ + ... A.6 

[z — wY z — w 



2[z — wY z — w 
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and 

G-(z)(G^+)t(^) = + + + + ... 

3 (2; — w)'^ [z — wY [z — w) z — w 

= regular ^^'^^ 

G''-{z)G''-{w) = regular 

where a, 6 = +, — and o"^^ are the Pauh matrices. The hermiticity conditions of the generators 
are 

Tt = T, {jy = J\ {G++y = G—, {G+-y = -G-+ (A.8) 

B Some useful OPEs for J\f = (2, 2] 

Let us call a (cc) field of (Lq, Jq) = {h, q). We have the following OPEs 

G^ {z)(t){w) = regular 

G {z)(p{w) = h ... 

z — w 

rr.^ ^ , <PH d4>{w) (B.l) 

J(.)0H = gi^^ + ... 

z — w 

Using the algebra and that h = q/2 for a chiral primary we find 

For chiral primaries with [h, q) = (1/2, 1) this becomes 

G+{z){G-_y, ■ <P){w) = 2d^ (^^) + ... (B.3) 
' \z — w J 

C Curvature of supercurrents in Af = (2, 2) 

We have to study the 4-point function of the form fl4.10p . For definiteness we will consider 

A = {0,{x)my)G-'{z)G-{w)) (C.l) 

As a function of z, A is holomorphic so it is determined by its singularity structure at z = 
X, y, w. For this we need the OPEs of G^{z) with the other insertions. We have the following 
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results 

[z — wy [z — wy Z — W 

G^{z)Oj{y) = regular 

where we used Oi = \GZii2^^i/2 ' 'P-ii — i^-i/2'-^-'-i/2 ' the JV = (2, 2) algebra. So 

we have 

V(2-w)^ z-w , ^^^^ 

This is of the form A = Ai + A2 where each term corresponds to one of the lines in the 
expression above. The term Ai can be easily evaluated by the usual conformal Ward identities 
on the correlation function 

mx)0-iy)) = (C.4) 

\x y\ 



After some algebra we find 



3|x — y\'^{z — wy {w — xy{w — yy(x — yy{z — w) 
To compute A2 we need the correlation function 

B = {(GZ^/2- <l>.)ix)my)G-{w)) (C.6) 

As a function of w the expression B is holomorphic, so again we can use the OPEs to determine 
it. We have 

B = dy (^{{G-_,/2 ■ <l>^){x){G%2 ■ My))) - -^mxWM) (C.7) 
\w — y ' ' J w — X 



Now using 
and expression (lC.4p we find 
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so 

2qMw — 2x + z) 
{w — xy{w — yY{x — yy{x — 



Finally going back to (IC.SP we can compute A = Ai + A2 and we find 



A - ^"^-^ I ^^-7 (C.ii) 

3|x — y\^{z — {w — y)^{z — w){x — zy{x — yY 

Similarly we can compute the other 4-point functions needed for the computation of the 
curvature of the super currents. 

D 4-point functions in J\f = (2, 2) 

Consider a (cc) field (pk and an (aa) (pi. We want to simplify the 4-point function 

G{x,y,z,w) = {0,{x)0,{y)<Pu{z)Uw)) (D.l) 
where the marginal operators are descendants of the chiral ring 

= ^G-_y,G^-i/2 -0., 0]= lGt,/,G^-i/2 ■ J] (D.2) 
We can also write the operators as [31] 



we choose t = z and we deform the contours. The supercurrent ^"(s) annihilates 0j and it 
has a first order pole with (f)k{z) which is cancelled with the (s — z) in the numerator. Finally 
we have to use the J\f = (2, 2) algebra to compute its OPE with the insertion at y. We find 
that the answer is 

G{x,y,z,w) = (x) (g!i/20;) {y)M^)Mw))^ (D.4) 

Doing the same for the supercurrent G^ we end up with the the following expression 

G{x,y,z,w) = dydy(j^ — ^(0i(x)0j(?/)0fc(2;)0/(w;))) (D.5) 
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E OPE between chiral primary and antichiral primary 

Consider (cc) field (pi of charge > and (aa) field 0; of charge < with qt < \qi\. Consider 
their OPE 

^ [z — wY[z — wy 

The field Ap has U{1) charge gp = + < 0, and conformal dimension hp = hi + hi — r 
(similarly for the right-moving side). From unitarity we have the condition hp > |gp|/2. 
Equivalently this means 

r<qi (E.2) 

If the inequality is saturated (and similarly on the right moving side) the corresponding field 
Ap will be antichiral primary of charge g^ + g^ < 0. So the OPE will have the form 

Mz)Mw) = 7 'I' + ... (E.3) 

The coefficients D^j are related to the chiral ring structure constants. We consider the 3-point 
function 

{Uz)Mw)My)) (E.4) 

and take the OPE in two different ways to show that 

4 = crng'^'gmi (E.5) 

So the conclusion is that the leading term of the OPE of (cc) with (aa) is given by the 
conjugated chiral ring coefficients. 

F Contours 

Now we want to study the first term of fl4.28p using the OPE between (pi and (pj. We define 

^ = "tA^ / / {r'{(P,{xW,{y)(Pk{oo)MO)) - {^,{x)(P,{y)(Pk{cx>)MO))) 

(F.l) 

We change the angle variables to ^ = ^^'^^^^^ and ^p = ^^'^~^^'> and we have 

C = --^ lim [ d9 [ dip 

(27r)2M-iy J ^ (F.2) 

{r'{(Pk{oo)Ue'^'-'^^)Mre'^'-'^^)Jim 
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For 7^ the contribution from ip cancels with that from —tfj in the hmit r — 1. However 
this does not mean that the integral is zero, since we may have 5-function-like contributions 
from ip = 0. These contributions can be evaluated using the OPE of 0, with 0j which is 



p 



[z — wy ^p{z — wy 



Let us assume that the operator Ap has dimension {hp, hp — Sp) where Sp is the spin. Then 

where zi = e^^^^'^\ Z2 = re*'-^"'^-' and where 5 is a small number that is kept constant as e — > 0. 
We can rewrite this as 

If Ap is a spin zero field (/ip = /ip), then the contribution is proportional to 

1 / o 1 



lim / # , ( - -- ) (F.6) 



One can show that this quantitjo is finite and 6 independent if hp = and zero if /ip > 0. 



Its value for hp = is 

r+s ^2 _ X 
lim / #- -— = -TT (F.7) 

So from the spin zero fields only the identity operator will contribute to C a factor of 

9i-]9kT 

Similarly we can show that from fields with nonzero spin, only (1, 0) and (0, 1) fields contribute. 
For the first case we need 

_ DiJiw) 

0,(z)0,H = ... + -^-— + ... (F.9) 

\z w) 

The coefficient Dir can be easily computed using the Ward identities for J and we find 



^^In fact, the integral in (|F.4p can be explicitly evaluated for fixed r and with S = 7r/2 in terms of hyper- 
geometric functions, but we will not present these expressions here. 
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where we used 



(J(0) J(oo)) = |, (0,(1)0,(0) J(oo)) = g^-^ (F.ll) 



for fields 0i, 0j of charge +1,-1. Similarly 

(0,(0) J(l)0,(oo)) ^ Djj, = -qg,j (F.12) 
where q is the charge of 0^. We also need the following value for the ijj integral for hp = Sp = 1 

lim / #- ^ -r^ = -TT (F.13) 

So the contribution from the currents is equal to 

--{q + <l)9ij9ki (F.14) 
c 

All in all we get the following answer 

C = g,jg,j(^l-^{q + q)^ (F.15) 

G Current /Marginal Operator OPE 



2 

Let us consider a chiral primary with h = f = 1/2 and h = j = 1/2. The marginal 
operator 0{x) is the descendant of the chiral primary 0{x) = GZy2^-i/2 ' 'Pi^)- We want to 
compute the OPE of a current with the marginal operator. In general it will be 

J\z)0{w) = V /-^"^y^^i (G.l) 

m ^ ' 

So to compute the OPE we need to compute J^|0). We have 

fJO) = GZ[/, ([J;,, G-J,/,] + Gz1/,Jin) 10) (G.2) 
From the AT = 4 algebra we have the following commutator of the modes 



For m = we have JqI^) ~ since we already knew that \0) is uncharged under the current 
algebra. For m > the second term in (lG.2p is zero because J^|0) = 0, m > 0. Also, 
from the commutators above we notice that the first term is proportional to a certain linear 
combination of 

Gt-^l-, (G.4) 
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If m > all of these operators annihilate the sate |0) because it is a primary, so finally we 
have 

j;|O) = 0, m>0 (G.5) 

This proves that the OPE between the currents J^{z) and a marginal operator in A/" = (4,4) 
is completely regular. 

There is in fact an alternative way to show this which does not rely on supersymmetry. 
Consider an exactly marginal operator in any theory which contains a non-abelian current 
algebra (which is preserved by the exactly marginal operator). The only singular terms in the 
OPE of a current with O arise from Jq\0) and J^-^^\0). The first of these clearly vanishes, 
since O cannot be charged under the non-abelian current algebra. The second of these yields 
an operator of conformal weight (0, 1) which necessarily is an anti-holomorphic current. These 
cannot carry any charge under the holomorphic current algebra, whereas J^-^\0) clearly does, 
and therefore J^i \0) = and the OPE between J* and O has to be regular. Notice that this 
argument is completely general but fails for abelian current algebras. 
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